
W.B. VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 



SET IDEAL 

TOPOLOGICAL 

SPACES 



Set Ideal Topological Spaces 



W. B. Vasantha Kandasamy 
Florentin Smarandache 



ZIP PUBLISHING 
Ohio 
2012 




This book can be ordered from: 



Zip Publishing 
1313 Chesapeake Ave. 

Columbus, Ohio 43212, USA 
Toll Free: (614) 485-0721 
E-mail: info@zippublishing.com 
Website: www.zippublishing.com 



Copyright 2012 by Zip Publishing and the Authors 



Peer reviewers: 

Prof. Catalin Barbu, V. Alecsandri National College, Mathematics 
Department, Bacau, Romania. 

Prof. Valeri Kroumov, Okayama Univ. of Science, Japan. 

Dr. Sebastian Nicolaescu, 2 Terrace Ave., West Orange, NJ 07052, USA. 



Many books can be downloaded from the following 
Digital Library of Science: 

http://www.gallup.unm.edu/~smarandache/eBooks-otherfomiats.htm 



ISBN-13: 978-1-59973-193-3 
EAN: 9781599731933 



Printed in the United States of America 



2 



CONTENTS 

Preface 5 

Chapter One 

inipoduciion i 

Chapter Two 

SET IDEMS IN KINGS 9 

Chapter Three 

SET IDEAL TOPOLOGICAL SPACES 35 

Chapter Four 

NEW CLASSES OF SET IDEAL 

TOPOLOGICAL SPACES AND APPLICATIONS 93 



3 




FURTHER REAUNG 



109 



INDEX 


111 


ABOUT THE AUTHORS 


114 



4 




PREFACE 



In this book the authors for the first time introduce a new type 
of topological spaces called the set ideal topological spaces 
using rings or semigroups, or used in the mutually exclusive 
sense. This type of topological spaces use the class of set ideals 
of a ring (semigroups). The rings or semigroups can be finite or 
infinite order. 

By this method we get complex modulo finite integer set 
ideal topological spaces using finite complex modulo integer 
rings or finite complex modulo integer semigroups. Also 
authors construct neutrosophic set ideal toplogical spaces of 
both finite and infinite order as well as complex neutrosophic 
set ideal topological spaces. 

Several interesting properties about them are defined, 
developed and discussed in this book. 

The authors leave it as an open conjecture whether the 
number of finite topological spaces built using finite sets is 
increased by building these classes of set ideal topological 
spaces using finite rings or finite semigroups. 
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It is to be noted for a given finite semigroup or a finite ring 
we can have several number of set ideal topological spaces 
using different subsemigroups or subrings. 

The finite set ideal topological spaces using a semigroup or 
a finite ring can have a lattice associated with it. At times these 
lattices are Boolean algebras and in some cases they are lattices 
which are not Boolean algebras. 

Minimal set ideal topological spaces, maximal set ideal 
topological spaces, prime set ideal topological spaces and S-set 
ideal topological spaces are defined and studied. 

Each chapter is followed by a series of problems some of 
which are difficult and others are routine exercises. 

This book is organized into four chapters. First chapter is 
introductory in nature. Set ideals in rings and semigroups are 
developed in chapter two. Chapter three introduces the notion of 
set ideal topological spaces. The final section gives some more 
classes of set ideal topological spaces and they can be applied in 
all places where topological spaces are applied under constraints 
and appropriate modifications. 

We tha nk Dr. K.Kandasamy for proof reading and being 
extremely supportive. 



W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 
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Chapter One 



INIXOXJCTOV 



In this chapter we just mention the concepts used in this book 
by giving only the references where they are available so that 
the reader who is not aware / familier with it can refer them. 

Throughout this book Z is the set of integers. Z n the modulo 
integers modulo n; 1 < n < oo; Q the field of rationals, 
R the reals, C the complex field. C(Z n ) = {a + bi F | a, b e Z n , 
ip = n-1}, the ring of finite complex modulo integers, (R u I); 
the real neutrosophic numbers, (Q u I), the rational 
neutrosophic numbers, (Z u I), the integers neutrosophic 
numbers, (Z n u I) = {a + bl | a, b e Z n , l 2 = 1} the modulo 
integer neutrosophic numbers, (C ul) = {a + bl | a and b are 
complex numbers of the form x + iy, t + is, x, y, t, s reals and i 2 
= -1} the neutrosophic complex numbers and (C(Z n ) u I) = {a + 
bi F + cl + di F I | a, b, c, d e Z n , l 2 = I, i 2 = n-1, (i F I) 2 = (n— 1)1} 
the neutrosophic finite complex modulo integers. 

We denote by S a semigroup only under multiplication. S(n) 
denotes the symmetric semigroup of mappings of a set 
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(1, 2, n) to itself. Let R be any ring finite or infinite, 
commutative or non commutative. I an ideal of R (I is a subring 
of the ring R and for all x e I and aeRxa and ax e I) [7]. Let 
S be a semigroup. AcS,a proper subset of S is an ideal if 

(i) A is a subsemigroup 

(ii) for all a e A and s e S as and sa e A. 

We also define Smarandache semigroup (S-semigroup), 
Smarandache subsemigroup(S-subsemigroup) and Smarandache 
ideal (S-ideal) [6-7]. On similar lines Smarandache structures are 
defined for rings. 

We use the notion of lattices and Boolean algebras [2]. 
Further the concept of topological space is used [1, 5]. We use 
the notion of dual numbers, special dual like numbers and 
special quasi dual numbers both of finite and infinite order rings 
[9-11]. 

For finite complex modulo numbers and finite neutrosophic 
complex modulo integers refer [8, 13]. 




Chapter Two 



Set Ideals in Rings 



In this chapter for the first time we introduce the notion of set 
ideals in rings, a new substructure in rings. Throughout this 
chapter R, denotes a commutative ring or a non commutative 
ring. We define set ideals of a ring and compare them with 
ideals and illustrate it by examples. 

Interrelations between ideals and set ideals are brought out. 
These notions would be helpful for we see union of subrings are 
not subrings in general. Using these concepts we can give some 
algebraic structure to them; like lattice of set ideals and set ideal 
topological space of a ring over a subring. 

Here we proceed onto introduce the notion of ideals in rings 
and illustrate them by examples. 

DEFINITION 2.1: Let R be a ring. P a proper subset of R. S a 
proper subring of R (S & R). P is called a set left ideal of R 
relative to the subring S ofR if for all s £ S and p € P. sp € P. 

One can similary define a set right ideal of a ring R relative 
to the subring S of R. 
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A set ideal is thus simultaneously a left and a right set ideal 
of R relative to the subring S of R. 

We shall illustrate this by some simple examples. 

Example 2.1: Let R = Z \ 0 = {0, 1, 2, 9} be the ring of 

integers modulo 10. Take P = {0, 5, 6} c R, P is a set ideal of 
R relative to the subring S = {0, 5}. 

Clearly P is not a set ideal of R relative to the subring 
Si = {0, 2, 4, 6, 8}. 

Example 2.2: Consider the ring of integers modulo 12, 

Z 12 = {0, 1, 2, 3, ..., 11}. Take S = {0, 6} a subring of Z 12 . 
P = {0, 2, 4, 8, 10} cr Z 12 . P is a set ideal of Z 12 relative the 
subring S = {0, 6}. Clearly P is not a set ideal of Z 12 relative to 
the subring Si = {0, 3, 6, 9}. 

P is a set ideal of Z i2 relative to the subrings S 3 = {0, 4, 8} 
and S 2 = {0,2,4, 6, 8, 10}. 



Now we make the following proposition. 

Proposition 2.1: Let R be a ring. If P c R is a set ideal over a 
subring S ofR then P in general need not be a set ideal relative 
to every other subring ofR. 

Proof : We can prove this only by counter example. Example 
2. 1 proves the assertion. Hence the result. 

THEOREM 2.1: Let R be any ring, { 0 } is the set ideal of R 
relative to every subring S ofR. 

Proof : Clear from the definition. 

THEOREM 2.2: Let R be a ring with unit. The set P = {1} is 
never a set ideal ofR relative to any subring S ofR. 
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Proof : Clearly by the very definition for if S is any subring of 
R. P = {1} is a set ideal of R. S.P = P.S * {1} but is only S i.e., 
SP = PS = S. 

Hence the claim. 

THEOREM 2.3: Every ideal of a ring R is a set ideal of R for 
every subring S ofR. 

Proof: Let I be any ideal of R. Clearly for every subring S of R 
we see I is a set ideal of R for every subring S or R we have 
SI cz I and IS cz I. 

THEOREM 2.4: In the ring of integers Z there exists no finite 
set { 0 j ^ P czZ which is a set ideal of R for any subring S ofZ. 

Proof: Clearly every subring of Z is of infinite cardinality. So 
if P is any finite set SP c P is an impossibility as Z is an integral 
domain with no zero divisors. Since SP ^ P for any subring S of 
Z, we see no finite subset of Z is a set ideal of Z relative to any 
subring of Z as every subring of Z is of infinite order. 

Hence the claim. 

We see as in case of ideals we cannot define the notion of 
principal set ideals of R relative to any subring S of R. Infact 
{0} is the only set principal ideal of R. 

Now we proceed onto define the notion of set prime ideal 
of R. 

DEFINITION 2.2: Let R be any ring. Suppose P cr R is a set 
ideal of R relative to the subring S of R and if x — p.q e P then 
p or (and) q is in P. We call only such set ideals to be prime set 
ideals. 



We illustrate this situation by some examples. 
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Example 2.3: Let Zi 0 = {0, 1, 2, 9} be a ring of integers 

modulo 10. Let P = {0, 5, 2, 6} cr Z i0 . Clearly P is a set prime 
ideal of R relative to the subring S = {0, 5} of R. The elements 
of P need not be in the subring S. Now consider the set 
Pi = {0, 5, 6} cr Zio, 6 = 2.3 e Pi but 3 and 2 g Pi so Pi is not a 
set prime ideal of R relative to the subring S = {0, 5} cr Zi 0 . 

THEOREM 2.5: Let R be a ring. S a subring of R. If P c R is a 
set ideal ofR relative to the subring S ofR. then 0 eP. 

Proof: Follows from the simple fact 0 e S (as S is a subring of 
R) so O.p = 0 e P. 

Hence the claim. 

Now we proceed onto define the notion of set maximal ideal 
of a ring R relative to a subring S ofR. 

DEFINITION 2.3: Let R be a ring, S a subring ofR. Pa proper 
subset not an ideal or subring of R. We say P is a set maximal 
ideal ofR relative to the subring S and if Pi is another proper 
subset not a subring or ideal of R such that P cr P t cr R and Pi 
is also set ideal of R relative to the same subring S of R then 
either P - P / or P j = R. 

We illustrate this by some examples. 

Example 2.4: Let Z 6 = {0, 1, 2, 3, 4, 5} be the ring of integers 
modulo 6. Let P = {4, 3, 5, 0, 2} cr Z 6 ; P is a set maximal ideal 

of Z 6 relative to the subring S = {0, 3}. Infact P c: Pi c R is 

* 

impossible as Pi = R is the only possibility. 

Infact P = {0, 2, 3, 4, 5} cr Z 6 is also a set maximal ideal of 
Z 6 relative to the subring Si = {0, 2, 4}. 

In this ring if we take P 3 = {0, 5, 3} cr Z 6 , P 3 is a set ideal of 
Z 6 relative to the subring S = {0, 3}, clearly P 3 is not a set 
maximal ideal of Z 6 relative to the subring S. 
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From the above observation it is clear that in general every 
set ideal of a ring R relative to a subring S need not be a set 
maximal ideal of R relative to a subring S of R. 

Now we proceed onto define the notion of set minimal 
ideals of a ring R relative to the subring S of R. 

DEFINITION 2.4: Let R be a ring. P a proper subset of R. P is 
said to be a set minimal ideal of R relative to a subring S of R if 
{0} ^ P/ crP crR where P is a set ideal ofR relative to the same 
subring S ofR then either P, - {0} or Pi - P. 

Now we illustrate this situation by some examples. 

Example 2.5: Let Z 8 = {0, 1, 2, 3, 4, 5, 6, 7} be the ring of 
integers modulos 8. Let P = {0, 2} c Z 8 . P is a set minimal 
ideal of the ring Z 8 relative to the subring S = {0, 4} c Z 8 . 

Clearly P is set minimal ideal for if Pi ^ {0} then Pi = {2} 
but Pi = {2} is not a set minimal ideal of Z 8 relative to the 
subring S = {0, 4} as 0 g Pj but 4.2 = 0 (mod 8). 

Hence the claim. 

We show by an example in general all set ideals need not be 
set minimal ideals of R. 

Example 2.6: Let R = Zi 2 = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11} 
be the ring of integers modulo 12. Take P = {0, 2, 8, 10} cr Z i2 . 
P is a set ideal of R relative to the subring, S = {0, 6} cr Z i2 . 
Clearly P is not a set minimal ideal of R relative to the subring 
{0, 6} = S. For take Pi = {0, 2} cr P. Pi is a set ideal of R 
relative to the subring S = {0, 6}. Take P 2 = {0, 8} cr P. P 2 is 
also a set ideal ofR relative to the subring S = {0, 6}. 

If P 3 = {0, 10} c P, P 3 is also a pseudo set ideal of R 
relative to the same subring S = {0, 6}. 
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From this it is evident that all set ideals are not in general 
minimal. 

Now we formulate an interesting observation. 

THEOREM 2.6: Let R be a ring with unit. A set P of R 

containing the unit is a set ideal of R relative to the subring S of 
R ifP contains S. 

Proof : Let P cz R such that 1 e P be a set ideal of R relative to 
the subring S of R. Since 1 e P clearly S.l c P as s.l e P for 
every seS. Lienee the claim. 

Now a natural question would be; if P is a set ideal of a ring 
R relative to a subring S of R and suppose S cz P will 1 e P. 
The answer is no. This is proved by an example. 

Example 2.7: Let Z 15 = {0, 1,2, ..., 14} be the ring of integers 
modulo 15. Let P = {0, 2, 5, 10, 3, 6} cz Zi 5 be a set ideal of the 
ring Zi 5 relative to the subring S = {0, 5, 10}, S cz P, clearly 1 g 
P. Hence the claim. We see P u {1} = Pj is also a set ideal of 
Z i 5 over S. 

Note: It is important and interesting to note that unlike an 
ideal the set ideal can contain one. This is evident from the 
example 2.7. Still it is interesting to see that a field of 
characteristic zero can have set ideals. This is impossible in 
case of usual ideals. 

This is explained by the following example. 

Example 2.8: Let Q be field of rationals. Clearly S = 2Z is a 
subring of Q. 

Now take P = {0, ± 2n, ± 3n, ± 5n, ± 7n, ± 9n, ± 1 In} cz Q. 
P is a set ideal of Q relative to the subring S = 2Z. 

Thus a field of characteristic zero can have set ideals 
relative to a subring. 
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THEOREM 2.7: A prime field of characteristic p, Z p ; p a prime 
cannot have non trivial set ideals. 

Proof : Z p be the prime field of characteristic p, p a prime. 
Clearly P has no proper subrings other than {0}. So even if P is 
any set P cannot become a set ideal relative to a subring S of R. 

We for the first time using the set ideals P of a ring R 
relative to the subring S of R define the notion of set quotient 
ideal related to P. 

DEFINITION 2.5: Let R be a ring, P a set ideal of R relative to 
the subring S of R. i.e., P is only a subset and not a subring of 
R. Then R/P is the set quotient ideal if and only if R / P is a set 
ideal ofR relative to the same subring S ofR. 

We illustrate this by some examples. 

Example 2.9: Let Zp = {0, 1, 2, ..., 11} be the ring of integers 
modulo 12. S = {0, 6} be a subring of Z 12 . 

Let P = {0, 2, 5, 8, 10} c Z 12 be a proper subset of Zi 2 . 
Clearly P is not a subring of Z 12 only a subset of Z 12 . P is 
clearly a set ideal of Zp relative to the subring S = {0, 6} of Zp. 

^ = {P, I + P, 3 + P, 4 + P, 6 + P, 7 + P, 9 + P, 

P 

— Z 

11 + P}. It is easily verified is a set quotient ideal relative 

to the subring S = {0, 6}. The following observations are both 
interesting and important. 

Z 

1. — — is not a subset of Zp. 

P 

Z , Z 

2. For any x e we see sx e for every seS, 

S = {0, 6} is a subring ofZp. 
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Further in case of ring R happens to be a finite ring we see 
o(P) + o(R/P) - 1 = number of elements in R by o(P), we mean 
only the number of elements in P. 

We give yet another example of set quotient ideals of a 
ring R. 

Example 2.10: Let Z 20 = {0, 1, 2, 19} be the ring of 

integers modulo 20. Let S = {0, 5, 10, 15} be a subring of Z 2 o. 
Take P = {0, 4, 8, 10, 6, 12} cr Z 20 to be a set ideal of Z 20 
relative to the subring S = {0, 5, 10, 15}. 

Consider = {P, I + P, 2 + P , 3 + P, 5 + P, 7 + P, 

9 + P, O + P, 13 + P, 14 + P , 15 + P, 16 + P, 17 + P, 18 + 
P, 19 +P}. 



|P| = 6 o 



( z ^ 
^20 



= 15. 



V P . 

o(Z 20 ) = 20 = 6 + 15-1. 



Now we are interested to study the following two 
properties: 

1. Will every ideal I of R always contain a set ideal of R 
relative to some subring S of R? 

2. Will every set ideal of R relative to a subring S of R contain 
any proper subring of R? 



The answer to the first question is no. 

For we can give many examples of ideals which do not 
contain a set ideal relative to some ring S of R. It is sufficient if 
we illustrate this by an example. 



Example 2.11: Let Z\% = {0, 1, 2, ..., 17} be the ring of 

integers modulo 18. 
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Take I = {0, 9} c Z 18 . I is an ideal of Z 18 . But 1 does not 
contain any proper subset which can be a set ideal of Z [8 relative 
to any subring S of Z !8 . 

Take P = {0, 6} c Z [8 . P is a set ideal of Zi 8 relative to the 
subring S = {0, 9}. Infact J = {0, 6, 12} is an ideal of Zj 8 which 
contains a proper set ideal P = {0, 6} c J in Z 18 relative to the 
subring S = {0, 9}. 

We call those ideals I of a ring R which do not contain any 
set ideals P in it as simple set ideals of R. 

We will answer the second question. Every set ideal of a 
ring R relative to a subring S of R need not contain any proper 
subring S of R. 

We illustrate this by the following example. 

Example 2.12: Let 

Z 18 = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, ..., 16, 17} be the ring 
of modulo integers 18. Take P = {0, 2, 6, 10, 16} c Z 18 to be a 
set ideal of Z i8 relative to the subring S = {0, 9} c Z J8 . It is 
easily verified P does not contain any proper subring of Z 18 
other than the trivial {0} subring. 

We prove the following theorem. 

THEOREM 2.8: If R is a finite ring with 1. P crR, a set ideal of 
R relative to the subring S ofR and S <Z P and S r)P = fOJ; then 
if R/P is a set quotient ideal then R/P contains 1 + P as its unit; 
and R/P contains a subring S such that S =S. 

Proof : Given R is a finite ring with unity 1. Let P c R be a 
proper subset of R which is a set ideal of R relative to the 
subring S of R. S ^ R. Now the set R/P = {P, 1 + P, ...} since 
1 g P for if 1 g P then ScP,a contradiction to our assumption 
that is S <X P and S n P = {0}. Now R / P is a set and R/P is 
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given to be a set quotient ideal relative to the subring S of R. 
Since 1 + P e R/P. 

S + P c R/P as every s + P e R/P for every s e S as 
P n S = {0}. 

Thus if S + P = S , then S is a ring isomoiphic to the 
subringS of R. Hence the claim. 

Now we define a new notion called Smarandache set ideal 
of a ring as follows: 

DEFINITION 2.6: Let R be any ring. S a subring ofR. Suppose 

P is a set ideal of R relative to the subring S of R and S cr P 

* 

then we call P to be a Smarandache set ideal of the ring 
R relative to the subring S ofR. In short we call P as S-set ideal 
ofR. 

We will first illustrate this situation by the following examples. 

Example 2.13: Let R = Z 30 = {0, 1, 2, ..., 29} be the ring of 
integers modulo 30. Take S = {0, 10, 20} c Z 30 to be a subring 
of Z 30 . Let P = {0, 3, 6, 10, 20, 9, 12, 15, 18, 21} c Z 30 be a set 
ideal of the ring R relative to the subring S of R = Z 30 . Clearly 
S c P so P is a Smarandache set ideal of R = Z 30 relative to the 
subring S = {0, 10, 20} cr R. 

Example 2.14: Let R = Z 42 = {0, 1, 2, ..., 11} be the ring 
integers modulo 12. Let S = {0, 6} is subring of R. Take 
P = {0, 6, 3, 2, 4, 8} c Z 12 . P is a set ideal of R; infact P is a 
S-set ideal ofR. 

A natural question would be do we have set ideals of R 
which are not S-set ideals ofR. 



THEOREM 2.9: Let R be a ring. Every Smarandache set ideal 
of a ring R is a set ideal P ofR but a set ideal P of a ring R need 
not in general be a S-set ideal ofR. 
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Proof : Suppose P is given to be a Smarandache set ideal of the 
ring R relative to the subring S of R; then clearly P is a set ideal 
of R by the very definition of the Smarandache set ideal of the 
ring R. 

Conversely if P is a set ideal of R relative to the subring 
S of R then P in general need not be a S set ideal of R. 

This can be proved only by giving a counter example. 

Let Z 12 = R = {0, 1, 2, 11} be the ring of integers 

modulo 12. Let S = {0, 6} cr Z [2 be the subring of R. Take 
P = {0, 2, 4, 8, 9, 10} c= Z 12 ; P is easily verified to be a set-ideal 
of R relative to the subring S of R. But P is not a Smarandache 
set ideal of R as S <Z P. Hence the claim. 

Now it may so happen that we have P to be a set ideal of R 
relative to a subring S of R. But P does not contain S but P 
contains some other subring Si of R. In such cases we make the 
following definition. 

DEFINITION 2.7: Let R be a ring. Let P be a set ideal of the 
ring R relative to the subring S of R. Suppose P contains a 
subring .S/ of R. Si ^ R then we call R to be a Smarandache 
quasi set ideal ofR relative to the subring S ofR. 

We illustrate this by the following example. 



Example 2.15: Let Z 12 = {0, 1, 2, ..., 11} be the ring of 
integers modulo 12. S = {0, 3, 6, 9} be a subring of Z i2 . Take 
P = {0, 4, 8, 10, 6} c= Z 12 . P is easily verified to be a 
Smarandache quasi set ideal of Z l2 relative to the subring 
S = {0, 3, 6, 9} and Si = {0, 4, 8} c P is a subring ofZ i2 . 

Example 2.16: Let Z 20 = {0, 1, 2, ..., 19} be the ring of 
integers modulo 20. Take S = {0, 5, 10, 15} a subring ofZ 20 . 
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Take P = {0, 2, 4, 8, 10, 12, 16, 18} c Z 20 . P is easily seen 
to be a S-quasi set ideal of Z 2 o as P contains the subring 
Si = {0,4,8, 12, 16}; PcZ 20 . 

We now show that every S-quasi set ideal of a ring need not 
be a Smarandache set ideal and a S-set ideal is not always a 
S-quasi set ideal. This is only proved using examples in the 
following. 

THEOREM 2.10: A Smarandache set ideal in general is not a S- 
quasi set ideal and a S-quasi set ideal in general is not a S-set 
ideal. 

Proof: We prove this theorem only by giving counter examples. 

Take R = Z 20 = {0, 1, 2, ..., 19} to be the ring of integers 
modulo 20. Let S = {0, 10} be a subring of Z 20 . 

Let P = {0, 4, 8, 12, 16, 6, 18} cr Z 20 . P is not a 
Smarandache set ideal of R = Z 20 as S <X P. But P is a S-quasi 
set ideal of R = Z 20 as P contains the subring 
Si = {0, 4, 8, 12, 16} cPc Z 20 . 



Hence the claim. 

Now take S = Z 18 = {0, 1, 2, ..., 17}; the ring of integers 
modulo 18. Take S = {0, 6, 12} cr Z !8 to be a subring. 

Let P = {0, 6, 12, 10, 5} cr Z 18 . P is a S-set ideal of R but is 
not a S-quasi set ideal of R = Z 20 . 

Hence the claim. 

Now take Z 30 = {0, 1, 2, ...., 29} the ring of integers 
modulo 30. Let P = {0, 6, 12, 18, 24, 10, 20, 3, 5} cr Z 30 . Let 
S = {0, 10, 20} be a subring of R. P is both a S-quasi set ideal 
of R = Z 30 relative to S as well as Smarandache set ideal of Z 30 
relative to S as P contains S = {0, 10, 20} and also P contains a 
subring Si = {0, 6, 12, 18, 24}. 
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Thus we now see that we can take P to be just the set 
theoretic union of two subrings of a ring R and P may be both 
S-quasi set ideal as well as S-set ideal of R. 

This is one of the advantages of the new definitions for we 
know union of subrings in general is not a subring, yet we can 
get a nice structure for it. 

We in view of this define a new notion. 

DEFINITION 2.8: Let R be any ring. S and Si be two subrings 
of R. S ^S h S (ZS/ and S / ct S. If P is a subset of R such that P 
contains both Si and S and P is a set ideal of R relative to both 
Sj and S then we call P to be a Smarandache strongly quasi set 
ideal ofR. 

We now illustrate this situation by some examples. 

Example 2.17: Let Z 30 = {0, 1, 2, ... , 29} be the ring of 
integers modulo 30. Take Si = {0, 6, 12, 18, 24} and 
S = {0, 10, 20} to be two subring of Z 30 . 

Take P = {0, 10, 20, 6, 12, 18, 24, 15} cr Z 30 . P is a set 
ideal relative to the subring S = {0, 20, 10} as well as P is a S 
set ideal relative to the subring Si = {0, 6, 12, 18, 24}. Thus P 
is a S-strongly quasi set ideal of R. 

We give yet another example. 

Example 2.18: Let Z 6 o = {0, 1, 2, ..., 59} be the ring of 

integers modulo 60. Take Si = {0, 10, 20, 30, 40, 50} cr Z 60 to 
be a subring of Z 60 . 

Let S 3 = {0, 15, 30, 45} cr Z 60 be another subring of Z 60 . 

Suppose P = {0, 10, 20, 30, 40, 50, 15, 30, 45, 8, 4} c Z 60 . 
P is a S-strongly quasi set ideal of Z 60 . 



We have the following interesting theorem. 
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THEOREM 2.11: Let R be a ring. Every S- strong quasi set 
ideal P of R is a S-quasi set ideal of R and S-set ideal of R 
relative to the same subring S of R. But a S-set ideal P of R in 
general is not a S-strongly quasi set ideal of R. Also a S-quasi 
set ideal P of R in general is not a S-strongly quasi set ideal of 
R. 

Proof : We prove these assertions only by examples. Take 
R = Z 6 o = {0, 1,2, . . ., 59} the ring of integers modulo 60. 

Take P = {0, 30, 10, 8} c Z 60 . P is a S-set ideal of Z 6 o 
relative to the subring S = {0, 30}. 

For S = {0, 30} c P = {0, 30, 10, 8}. Clearly P is not a S- 
strongly quasi set ideal of Z 60 as P does not even contain any 
other subring of R other than S = {0, 30}. 

Consider Z 30 = {0, 1, 2, ..., 29} be the ring of integers 
modulo 30. Take P = {0, 10, 20, 6, 4, 8} cr Z 30 . P is clearly a 
S-quasi set ideal of Z 30 relative to the subring S = {0, 15}. 
P contains the subring Si = {0, 10, 20} c Z 30 . Thus P is not a 
S-strongly quasi set ideal of Z 30 as S = {0, 15} <2 P. 

Flence the claim. 

One side of the proof follows directly from the definition. 

Example 2.19: Consider the group ring Z 2 S 3 of the symmetric 
group of degree 3 over the ring Z 2 = {0, 1 } . 

Take S = {0, 1 + pi + p 2 + p 3 + p 4 + p 5 } to be a subring of Z 2 S 3 . 
P = {0, 1 + pi, 1 + p 2 , 1 + p 3 , 1 + p 4 , 1 + p 5 , p 4 + Ps} c Z 2 S 3 . 
Clearly P is a S-quasi set ideal of Z 2 S 3 relative to the subring S. 
S 2 = {0, 1 + p 4 , 1 + p 5 , p 4 + p 5 } cr Z 2 S 3 is a subring of Z 2 S 3 and 
it is contained in P. But P is not a S-set ideal of Z 2 S 3 as S <£ P. 

Example 2.20: Let Z be the ring of integers. Take 

Si = {0, ± 2, ± 4, ...}, a subring of Z. S 2 = {0, ± 3, ± 6, ...}, 

subring of Z. Let P = {0, ±2, ±4, ..., ±3, ± 9, ± 15...} cr Z. 
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P is a Smarandache set ideal of Z relative to Si as well as 
relative to S 2 . Infact P is a S-quasi set ideal of Z relative to both 
Si and S 2 . Also P is a S-strong quasi set ideal of Z. 

Thus if P = {0, ± 2, ± 4, ± 3, ± 6 , ± 5, ± 10, ±7, 

± 14, ...,±11, ±22, ...}cZ. 

We see P is a Smarandache set ideal of Z relative to any one 
of the subrings; 

Si= {0,±2,±4, ...} or 

5 2 = { 0 , ± 3, ± 6 , ...} or 

5 3 = {0, ±5, ± 10, ...} or 

5 4 = {0, ± 7, ± 14, ...} or 

5 5 = {0, ± 11, ± 22, ...} or used not in the mutually 
exclusive sense. 

In view of this we can say P is a S-strongly quasi set ideal 
of Z. 

P is also a S-quasi set ideal of Z. 

Now we proceed onto define the notion of Smarandache 
perfect set ideal ring. 

DEFINITION 2.9: Let R be any ring. Let Si, ..., S„, .S’, c? S,; if 
i (n < 00 ) be the collection of all subrings ofR. 

IfP = {S/ u ... uS„} c:R is a proper subset ofR and 

(i) P is a set ideal with respect to every subring Si of R. 
1 <i < n. 

(ii) P is a S-quasi set ideal of R with respect to every 
sub ring S, of R. 1 <i <n. 

(Hi) P is a S-strongly quasi set ideal of R with respect to 
every subring .S, ofR; 1 <i <n. Then we call R to be 
a Smarandache perfect set ideal ring. 

We illustrate this situation by some examples. 
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Example 2.21: Let Z 6 be the ring of integers modulo 6. The 
subrings of Z 6 are Si = {0, 3} and S 2 = {0, 2, 4}. 

P = Si u S 2 = {0, 3, 2, 4} c Z 6 . R is a S-perfect set ideal ring. 

Example 2.22: Let Zi 0 = {0, 1, 2, ..., 9} be the ring of integers 
modulo 10. The subrings of Zi 0 as mentioned in the definition 
2.10 are Sj = {0, 5} and S 2 = {0, 2, 4, 6, 8}. 

Si u S 2 = P = {0, 5, 2, 4, 6, 8} cr Zi 0 ; P is a S-perfect set 
ideal ring. 

In view of this we have the following theorem. 

THEOREM 2.12: Let Z 2 p — (0, 1, 2, .... 2p-lJ be the ring of 
integers modulo 2p, p a prime is a S-perfect set ideal ring. 

Proof'. The subrings of Z 2p mentioned in the above definition 
are Si = {0, p} and S 2 = {0, 2, 4, ..., 2p-2}. 

P = Si u S 2 is a S-perfect set ideal ring. 

Example 2.23: Let Zi 5 = {0, 1, 2, ..., 14} be the ring of 
integers modulo 15. The subrings ofZ i5 are Si = {0, 5, 10} and 
S 2 = {0, 3, 6, 9, 12}. P = Si u S 2 = {0, 5, 10, 3, 6, 9, 12} c Zi 5 
is a S-quasi ideal of R. So Z l5 is a S-perfect set ideal ring. 

THEOREM 2.13: Let Z n = { 0 , 1, 2, ..., n—1} where n = pq; 
(p.q) = 1, p and q primes. Z„ is a S-perfect set ideal ring. 

Proof: (p, q) = 1, p and q are primes. 



Si = {0, p, 2p, .... p(q-l)} and S 2 = {0, q, 2q, .... (p-l)q} 
are the only subrings of Z n (n = pq). 

P = {0, p, ..., p(q-l), q, ..., (p— 1 )q} c= Z n and P is a 

* 

S-strongly quasi set ideal Z n . Thus Z n is a S-perfect set ideal 
ring. 
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Example 2.24: Let Z 30 = {0, 1, 2, 29} be the ring of 

integers modulo 30. 

The subrings of Z 30 as given by the definition 2.10 are 
Si = {0, 2, 4, 6, ..., 28}, S 2 = {0, 3, 6, ..., 27} and 
S 3 = {0, 5, 10, ..., 25}. Clearly Si Sj if i * j, 1 < i, j < 3. 

P = Si u S 2 u S 3 

= {0, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28, 3, 9, 
15, 21, 27, 5, 25} c Z 30 is a S-strongly quasi set ideal of Z 30 
relative to the subring S;, i = 1, 2, 3. Hence Z 30 is a S- perfect set 
ideal ring. 

Now we proceed onto define the notion of S-simple perfect 
set ideal rings. 

DEFINITION 2.10: Let R be a ring. If R has only one subring S 
and all other subrings are subrings of S then we call R to be a 
Smarandache simple perfect set ideal ring. 

We first illustrate it by examples. 

Example 2.25: Let Z 9 = {0, 1, 2, ..., 8} be the ring of integers 
modulo 9. S = {0, 3, 6} is the only subring of Z 9 . So Z 9 is a 
S-simple perfect set ideal ring. 

Example 2.26: Let Z [6 = {0, 1, 2, ..., 15} be the ring of 
integers modulo 16. Take S = {0, 2, 4, 6, ..., 14} cr Z 16 . S is 
the only subring of Z i6 and all other subrings of Z i6 are subrings 
of S. Thus Zi6 is also a S-simple perfect set ideal ring. 

We show there exists a class of S-simple set ideal rings. 

THEOREM 2.14: Let Z be the ring of integers modulo p", p a 
prime, n > 2. Z is a S-simple set ideal ring. 
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Proof : Given Z p „ = {0, 1, 2, 3, p, p+1, p n — 1 } is the ring 

of integers modulo p n , p a prime n > 2. The only subring as per 
definition 2.10 of Z p „ is S = {0, p, 2p, p n -p}. All other 

subrings of Z p „ are subrings of S. Thus Z p „ is a S-simple set 

ideal ring. 

Now Z p when p is a prime has no proper subrings; that is 
why we assume in the theorem n > 2. 

THEOREM 2.15: Let Z„ = {0, 1, 2, ..., n—1} where n = pi p 2 , ..., 
p„ where each p, is a distinct prime. Then Z„ is a S-perfect set 
ideal ring. 

Proof-. Given Z n = {0, 1,2, ..., n-1} to be the ring of integers 
modulo n, where n = pi p 2 . . . p t . (pi are primes, p, =£ p j5 if i * j). 

51 = {0, pi, 2pi, ..., (n-pi)}, 

5 2 = {0, p 2 , 2p 2 , . .., (n— p 2 )}, ... 

and S t = {0, p t , 2p t , ..., (n— p t ) } are the subrings of Z n as given in 
definition. 

Take P={SiU...uS t }cZ n and P is a S-strong quasi set 
ideal of Z n for every subring Si, i = 1, 2, ..., t. Thus Z n is a 
S-perfect set ideal ring. 

We illustrate this by an example. 

Example 2.27: Let Z n = {0, 1, 2, ..., n-1} where 

n = 2.3.5.7.1 1.13 be the ring of integers modulo n. 

51 = {0, 2, ..., n-2}, 

5 2 = {0, 3, ..., n-3}, 

S 3 = {0, 5, . .., n-5}, 

S 4 = {0, 7, . .., n— 7}, 

5 5 = {0, 11, ..., n-1 1} and 

56 = {0, 13, ..., n-13} are subrings of Z n . 

Here t = 6. 

P = {SiuS 2 u...uS6}cZ n . Clearly P is a proper subset 
of Z n and P is a S-strong quasi set ideal of Z n . Hence Z n is a 
S-perfect set ideal ring. 
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Now we proceed onto define the new notion of S-prime set 
ideals of a ring R which is commutative. 

DEFINITION 2.11: Let R be a commutative ring. P any non 
empty subset ofR. Let S <^R be a subring ofR which is a S-ring 
and not a field. We say P to be a Smarandache prime set ideal 
ofR if the following conditions are true. 

(i) P is a S-set ideal ofR relative to the S-subring S ofR. 

( ii) Ifx.y € P either x or y is in P. 

We illustrate this situation by the following examples. 

Example 2.28: Let R = Z 30 = {0, 1, 2, ..., 29} be the ring of 
integers modulo 29. Let P = {0, 2, ..., 26} be a proper subset 
ofR. 

Take Si = {0, 10, 20} c S = {0, 5, 10, 15, 20, 25} c R. 
Clearly S is a S-subring ofR as Si is a field isomorphic to Z 3 . It 
can be easily verified; P is a S-prime set ideal of R = Z 30 
relative to the S-subring S. 

It is pertinent to mention here that in general all S-set ideals 
need not be S-prime set ideals, however trivially all S-prime set 
ideals are S-set ideals. 

THEOREM 2.16: Let R be a commutative ring. P a S-prime set 
ideal of R relative to the S-subring S of R. P is a S-set ideal of 
R. But in general a S-set ideal of a ring R need not be a 
S-prime set ideal ofR relative to S. 

Proof : By the very definition we know every S-prime set ideal 
of a ring R is a S-set ideal of R. To show in general a S-set 
ideal of a ring R need not be a S-prime set ideal of R, we give a 
counter example. 

Take Z 12 = {0, 1, 2, . .., 1 1} = R, the ring of integers modulo 
12. Let S = {0, 2, 4, 6, 8, 10} cr Z [2 be a S-subring ofR. Let 
P = {0, 3, 4,6, 8}cR = Z 12 . P is a S-set ideal of R relative to 




28 | Set Ideal Topological Spaces 



the subring S of R. But P is not a S-set prime ideal of R for 2.2 
e P but 2 g P; 2.3 e P but 2 and 3 g P. 

Hence the claim. 

Consider the following example. 

Example 2.29: Let R = Z 4 = {0, 1, 2, 3} be the ring of integers 
modulo 4. Let S = {0, 2} be the subring of R = Z 4 . 

P = {0, 1, 2} c Z 4 is a set ideal of R relative to subring S of 
R. We see 3.3 = 1 e P but 3 g P. Also if we take Pi = {0, 3, 2} 
cr Z 4 , Pi is a set ideal of Z 4 relative to the subring S = {0, 2}. 

In view of this we define first the notion of prime set ideals 
of a ring R. 

DEFINITION 2.12: Let R be a commutative ring. S a subring of 
R. P a proper subset of R such that P is a set ideal of R relative 
to the subring S. If for every x.y € P either x or y is in P then 
we call P to be a prime set ideal of R relative to the subring S of 

R. 



We first illustrate this situation by some examples. 

Example 2.30: Let Z [4 = {0, 1, 2, ..., 13} be the ring of 
integers modulo 14. let S = {0, 7} cr Z J4 be a subring of R. 
Take P = {0, 2, 4, 8, 10} c Z 14 . P is a prime set ideal of Z [4 
relative to the subring, S = {0, 7}. 

Take Pi = {0, 1, 7, 2, 4} cr Z 14 . Pi is only a set ideal of Z H 
relative to the subring S = {0, 7} of Z M . For 13.13 = 1 ePj but 
13 g Pi so Pi is not a set prime ideal or prime set ideal of 
R = Z, 4 . 

In view of this we have the following theorem. 

THEOREM 2.17: Let R be a commutative ring. Every prime set 
ideal P of R relative to a subring S of R is a set ideal of R. 
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However in general a set ideal of R need not be a prime set 
ideal ofR. 

The proof of the following theorem is left as an exercise for 
the reader. 

Now we observe the following interesting property from the 
example given below. 

Example 2.31: Let R = Z 2 i = {0, 1,2, ..., 20} be the ring of 
integers modulo 21. S ={0, 7, 14} is a subring of Z 2 i. Now 
P = {0, 3, 6, 9, 12} cr Z 2 i is a set ideal of R which is also a 
prime set ideal of R relative to the subring S. We see P is not a 
S-prime set ideal of R as P is not a even a S-set ideal of R. 

We see that a prime set ideal in the first place need not be 
even a S-set ideal. Secondly in general a prime set ideal need 
not be a S-prime set ideal. 

In view of this we leave the following theorems as exercise 
to the reader. 

THEOREM 2.18: A set prime ideal of a ring R in general need 
not be a S-set ideal of a ring R. 

THEOREM 2.19: A set prime ideal of a ring R in general need 
not be a S-set prime ideal ofR. 

Now we propose the following interesting problems to the 
reader. 

Problem: Find conditions on the ring R, so that the subring of 
R is a prime set ideal and is also a S-prime set ideal ofR. 

Problem: Find conditions on the ring R and on the subrings S 
of R so that a prime set ideal of a ring R is a S-set ideal of the 
ring R but not a S-prime set ideal of R. 

We prove the following interesting result about the ring of 
integers Z n where n = pq; p and q are distinct primes. 
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THEOREM 2.20: Let R = Z„ = (0, 1, 2, ..., n—1} be the ring of 
integers modulo n where n - pq where p and q are distinct 
primes. Any prime set ideal of Z„ will never be a S-set ideal of 
the ring Z n relative to a subring S of Z„. 

Proof: Given R = Z n = {0, 1,2, . . ., n-1 } is the ring of integers 
modulo n where n = pq, with p and q distinct prime. This 
ensures Z n has only two subrings Si = (p) and S2 = (q) where Si 
and S 2 are themselves prime fields of characteristic p and q 
respectively i.e., Si = Z p and S 2 = Z q . So Z n has no S-subrings, 
this in turn forces any set ideal P of Z n to be non S-set ideal of 
Z n . Thus even if P is a prime set ideal of R = Z n relative to Si or 
S 2 , P can never be a S-set ideal of Z n , hence cannot be a S-prime 
set ideal of Z n . 

We illustrate this situation by the following examples. 

Example 2.32: Let Z 2! = {0, 1, 2, ..., 20} be the ring of 
integers modulo 21. Here n = 21 = pq = 7.3. The only subrings 
of Z 2 i are Si = {0, 3, 6, 9, 12, 15, 18} = Z 7 and 
S 2 = {0, 7, 14} = Z 3 . Thus any prime set ideal of Z 2 i relative to 
the subrings Si or S 2 cannot be even S-set ideals of Z 2 i as Si and 
S 2 are not S-subrings of Z 2] . Infact Z 2! has no S-subrings. 

Hence the claim. 

Example 2.33: Let Z 26 = {0, 1, 2, ..., 25} be the ring of 
integers modulo 26. Here n = 26 = 2.13 = p.q. The only 
subrings of Z 26 are Si = {0, 13} = Z 2 and S 2 = {0, 2, 4, 6, 8, ..., 
24} = Z13. Thus Z 26 has no S-subrings so Z 26 cannot have S-set 
prime ideals or S-set ideals as Z 26 has no S-subrings. 



We propose an interesting problem. 
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Problem: Characterize all rings which has 

(1) S-prime set ideals. 

(2) S-set ideals. 

Problem: Does there exist other rings other than Z pq (p and q 
distinct primes) which has no S-subrings. 

Now we proceed onto prove yet another interesting result 
which guarantees the existence S-set prime ideals. 

THEOREM 2.21: Let Z n - {0, 1, 2, ..., n—1 j be the ring of 
integers modulo n where n = p q r where p, q and r three 
distinct primes. Then Z„ has nontrivial S-set ideals P which are 
S-prime set ideals provided P is also a prime set ideal of Z„. 

Proof: Take S] to be a S-subring of order pq or pr or qr. 

Clearly any prime set ideal of Z n relative to Si will also be a 
S-set prime ideal of Z n . 

We can extend this result to any ring of modulo integers n 
where n = pi ... p t , pi ,..., p t are distinct primes or n = p^.-.p" 8 
where p 1} . . ., p s are distinct primes a; > 1 ; 1 < i < s. 

We illustrate this situation by the following examples. 

Example 2.34: Let Z 30 = {0, 1, 2, ..., 29} be the ring of 
integers modulo 30. Here n = 30 = 2.3.5 = pqr. 

Take Si = {0, 2, 4, ..., 28} = Zi 5 . Si is a S-subring of Z 30 . 
Let P = {0, 2, 4, 6, ..., 28, 5} cr Z 30 , P is S-prime set ideal of Z 30 
relative to the S-subring Si. 

Similarly S 2 = {0, 5, 10, 15, 20, 25} c Z 30 is a S-subring of 
Z 30 which is isomoiphic to Z 6 . Take P = {0, 2, 20, 10, 4} cr Z 30 , 
P is a S-prime set ideal of Z 30 relative to the S-subring S 2 . 

If S 3 = {0, 3, 6, 9, 12, 15, 21, 24, 27} c Z 30 , S 3 is a 
S-subring of Z 30 isomorphic to Zi 0 . 
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It is left as an exercise for the reader to find a S-prime set 
ideal of Z 30 relative to S3. 

Example 2.35: Let Zig = {0, 1, 2, 17} be the ring of 

integers modulo 18. 

Take S = {0, 2, 4, 6, ..., 16} a S-subring of Zig of order 9. 
It is easily verified that one can find a subset P of Zig which is a 
S-set prime ideal of Z lg relative to S. 

Does their exists infinite commutative rings which has no 
S-prime set ideals? 

Can Z have S-prime set ideals? 

Does C have S-prime set ideal? 

The above three problems are left as an exercise for the reader. 

Thus we have seen there exists non trivial class of S-perfect 
set ideal rings. 

Problems: 

1. Find a S-set ideal in Z 35 . 

2. Can Z 6 4 have a S-strong quasi set ideal? 

3. Can Z 5 be a S-perfect set ideal ring? Justify your claim. 

4. Find for the group ring ZS 3 . 

(i) Set ideal 

(ii) S-set ideal 

(iii) S-quasi set ideal. 

5. Obtain some interesting properties about S-perfect set 
ideal ring. 

6. If R is a S-perfect set ideal ring, will RG be a 
S-perfect set ideal ring for any group G? 
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7. Suppose R is a S-perfect set ideal ring R. 

Will RS the semigroup ring of the semigroup S over the 
ring R be a S-perfect set ideal ring for any semigroup S? 

8. What can one say about the semigroup ring Z 15 S(3)? 

9. Find semigroup rings RG which are not S-perfect set ideal 
rings. 

10. Give examples of groupring RG which are S-perfect set 
ideal rings? 

11. Will Z\\ S 7 be a S-perfect set ideal ring? 

12. CanZ 12S4 be a S-perfect set ideal ring? 

13. Can Z9S3 be a S-perfect set ideal ring? Justify your claim. 

14. Will ZS 7 have S- set ideals? 

15. Can ZD 8 have S-quasi set ideal? 

16. Can ZA 5 have S-strong quasi set ideals? 

17. Find set ideals of the group ring ZG where 
G = <g|g 12 =l>. 

18. Can the group ring ZG where G is an infinite cyclic group 
have S-strong quasi set ideal? 

19. Does their exists groups G for which the group ring Z 5 G 
can have S-set ideals? 

20. Give an example of a group ring which is S-simple 
perfect set ideal ring. 

21. Does their exist a semigroup ring RS which is a 
S-simple perfect set ideal ring? 

22. Can the group ring Z 81 S 3 be a S-simple perfect set ideal 



groupring? 
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23. Will Z7S3 be a S-simple perfect ideal group ring? Justify 
your claim! 

24. Can Z n G where G = (g | g 7 = 1), the group ring of the 
group G over the ring Z n be a S-simple perfect ideal 
group ring? 

25. If R is a S-simple perfect ideal ring for any group G over 
the ring R, can the group ring RG be a S-perfect set ideal 
ring? 

26. Give examples of group rings which are not S-perfect 
simple set ideal rings. 

27. Give examples of group rings which are not S-perfect set 
ideal rings. 

28. Obtain some interesting properties about S-simple perfect 
set ideal rings. 
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In this chapter we proceed onto define set ideals in semigroups, 
S-set ideals in semigroups, S-quasi set ideals in semigroups and 
finally using the collection of set ideals of a semigroup S 
relative to a subsemigroup Si, we construct set ideal topological 
space of a semigroup relative to the subsemigroup. We also 
give the lattice representation for this collection. 

Throughout this chapter S will denote a semigroup 
commutative or otherwise. 

DEFINITION 3.1: Let S be a semigroup, S ] a proper 
subsemigroup of S. Let P crS where P is just a proper subset of 
S. If for every p e P and for every s € Si, sp and ps are in P 
then we call P to be a set ideal of S relative to or over to the 
subsemigroup Sj of S. 

We illustrate this by some examples. 

Example 3.1: Let Z [8 be the semigroup under multiplication 
modulo 18. Si = {0 3, 9} is a subsemigroup of Zi 8 . 
P = {0, 4, 6, 8, 12} cr Z 18 is a set ideal of Z 1S relative to the 
subsemigroup Si = {0, 3, 9}. 
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Example 3.2: Let Z l5 = {0, 1, 2, 14} be the semigroup 

under multiplication modulo 15. Let Si = {0, 5, 10} be the 
subsemigroup of Z 15 . Take P = {0, 3, 6, 12} cr Z 15 to be a 

proper subset of Zi 5 . P is a set ideal of Zi 5 relative to the 

subsemigroup Si = {0, 5, 10} of S. 

Every semigroup contains a nontrivial set ideal relative to 
some subsemigroup. Is this true? 

Example 3.3: Take S = {1, -1} a semigroup under 

multiplication. P = {-1} cz S and take the subsemigroup 

Si = {1}. Clearly P is a ideal of S relative to Si, the 
subsemigroup of S. 

Example 3.4: Consider the semigroup Z 3 = {0, 1, 2} under 
multiplication modulo 3. Si = {1, 2} is a subsemigroup of Z 3 . 
P = {0} cz Z 3 is the set ideal of Z 3 relative to the subsemigroup S 
of Z 3 . 



Example 3.5: Let Z 5 = {0, 1, 2, 3, 4} be the semigroup under 
multiplication modulo 5. Take Si = {1, 4} the subsemigroup of 
Z 5 . Take P = {2, 3} cz Z 5 . P is the set ideal of Z 5 . 

However it is left for the reader to show whether Z p has a 
set ideals or not. 

Clearly Z n has the set ideal other than the set P = {0} is 
given by P = {0, 2, 3, 4, 5, 6, 7, 8, 9}. P is easily verified to be 
a set ideal of Z n relative to the subsemigroups {0, 1}, {1, 11} 
and {0, 1, 11}. 

Thus we have the following theorem. 

THEOREM 3.1: Let Z p = { 0 , 1 , 2, ..., p-lj be the semigroup 
under multiplication modulo p has set ideals. S = {1, p-lj is a 
subsemigroup of S. 
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Proof-. Take Pi = {0}, Pi is a set ideal of Z p relative to the 
semigroup S. 



Consider P 2 = {0, 2, 3, 4, p-2} = Z p \ {1, p-1} cr Z p , P is 

a set ideal of Z p relative to the subsemigroup S = {0, 1, p-1} 
and the subsemigroup Si = (p-1, 1}. 

Now we proceed onto define the notion of S-set ideals of a 
semigroup. 

DEFINITION 3.2: Let S be a semigroup. Si a subsemigroup of S. 
P cr S be a proper subset. Suppose P is a set ideal of S relative 
to the subsemigroup Si and if Si cr P then we call P to be a 
Smarandache set ideal (S-set ideal) of the semigroup S relative 
to the subsemigroup Si. 

Example 3.6: Let S = Z 2 o be the semigroup under multiplication 
modulo 20. Si = {0, 10} cr Z 20 is a subsemigroup ofZ 20 . Take 
P = {0, 4, 6, 5, 9, 10} c: Z 20 is a S-set ideal of Z 20 relative to the 
subsemigroup Si. 

Example 3.7: Let Z 24 = S be the semigroup under multiplication 
modulo 24. Si = {0, 12} be the subsemigroup of S. Take 
P = {0, 2, 6, 16, 18, 20, 12} cr Z 24 . P is a S-set ideal of Z 24 
relative to the subsemigroup Si of S = Z 24 . 

Example 3.8: Let Z 19 = {0, 1, 2, ..., 18} be the semigroup 
under multiplication modulo 19. S = {0, 1, 18} is a 
subsemigroup ofZi 9 . Take P = {0, 1, 18, 2, 17} cr Z 19 , P is a S- 
set ideal of Z )9 . 

Now we show all set ideal semigroup are not S-set ideal 
semigroup, but all Smarandache set ideal semigroups are set 
ideal semigroups. To this end we give an example. 

Example 3.9: Let Z 2I = {0, 1, 2, ..., 20} be the semigroup 
under multiplication modulo 21. Take S = {0, 7} to be the 
subsemigroup of Z 21 . Let P = {0, 3, 6, 12, 15} cr Z 21 . P is a set 
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ideal of the semigroup Z 2 i, but P is not a S-set ideal of Z 2 i 
relative to the subsemigroup S. 

Now by the very definition of Smarandache set ideal of a 
semigroup it is also a set ideal. We proceed onto define the 
notion of Smarandache quasi set ideal of a semigroup with 
respect to a subsemigroup of the semigroup. 

DEFINITION 3.3: Let S be a semigroup. Si a subsemigroup of 
S. Let P c; S be a set ideal of S relative to the subsemigroup S / 
of S. IfP contains a subsemigroup Si ^S/ of S then we call P to 
be Smarandache quasi set ideal of S relative to the 
subsemigroup Si of S. 

We illustrate this situation by some examples. 

Example 3.10: Let Z 24 = {0, 1, 2, ...,23} be the semigroup 
under multiplication modulo 24. Take Si = {0, 12} a 
subsemigroup of Z 24 . Let P = {0, 8, 16, 2, 4, 10} c Z 24 is a S- 
quasi set ideal of Z 24 relative to the subsemigroup Si = {0, 12} 
as T = {0, 4, 16, 8} c Z 24 is a subsemigroup of Z 24 . 

Example 3.11: Let Z 25 = {0, 1, 2, 3, ..., 24} be the semigroup 
under multiplication modulo 25. Let S = {0, 5} be the 
subsemigroup of Z 25 . Take P = {0, 10, 15, 20} cr Z 25 . P is a S- 
quasi set ideal of Z 25 relative to the semigroup S. P contains 
subsemigroups like S 2 = {0, 10}, S 3 = {0, 20}, S 4 = {0, 10, 20} 
and S 5 = {0, 5, 10} of Z 25 . 

A S-quasi set ideal in general is not a S-set ideal of the 
semigroup. 

Further every S-set ideal in general need not be a S-quasi 
set ideal. We prove these assertions only by examples. 

Example 3.12: Let Z )2 = {0, 1, 2, ..., 11} be the semigroup 
under multiplication modulo 12. Let S = {0, 6} be the 
subsemigroup of Z 12 . Take P = {0, 2, 4} cr Z 12 , P is a S-quasi 
set ideal of Z 12 relative to the subsemigroup S of Z 12 . 
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For S 2 = {0, 4} is a subsemigroup of Z 12 but S <2 P so P is 
not a S-set ideal of Z i2 relative to S. 

To show a S set ideal of a semigroup S relative to a sub- 
semigroup Si need not be a S-quasi set ideal. We construct the 
following example. 

Example 3.13: Let Z 28 = {0, 1, 2, ...,27} be the semigroup 
under multiplication modulo 28. Take S = {1, 27} to a 
subsemigroup of Z 28 . P = {0, 2, 26, 3, 25} cr Z 28 is not a S- 
quasi set ideal as P does not contain any subsemigroup. 

Now consider Si = {0, 7, 21} c Z 28 , Si is a subsemigroup of 
Z 28 . Take Pi = {0, 4, 8, 16} c Z 28 ; Pi is a S-quasi set ideal of 
Z 28 relative to the subsemigroup Si. S 2 = {4, 8, 16} c Pi is a 
subsemigroup of Pi. But Si gt Pi so Pi is not a S set ideal of Z 28 
relative to the subsemigroup Si. 

Now we proceed onto define Smarandache perfect quasi set 
ideal of a semigroup S. 

DEFINITION 3.4: Let S be a semigroup. Let S h ..., S, be the 
collection of all subsemigroups of S such that 5, Sp if i ^ j, 
1 < i, j < n. Let P = Si u ... u S b if P <r S we say P is a 
Smaradache perfect quasi set ideal semigroup if P is a 
Smarandache set ideal of S relative to every subsemigroup 5, of 
S; i -1,2,..., t. 

We illustrate this by the following examples. 

Example 3.14: Let Z 6 = {0, 1, 2, ..., 5} be the semigroup under 
multiplication modulo 6. The subsemigroup of Z 6 satisfying the 
conditions of the definition are Si = {0, 3, 1}, S 2 = {0, 2, 4, 1} 
and S3 = {0, 1, 5}, Si u S 2 u S3 = P = Z 6 so Z 6 is trivially a 
S-perfect quasi set ideal semigroup. 

Example 3.15: Let S = {0, 1,2, 3, 4} = Z 5 semigroup under 
multiplication modulo 5. The subsemigroups of S are 
Si = {1, 4}, S 2 = {0, 1, 4}. So we can take only S 2 as Si c: S 2 . 
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Since S has only one subsemigroup as given in the definition 
3.4; S is not a S-perfect quasi set ideal semigroup. 

Example 3.16 : Consider the semigroup Z i0 = {0, 1, 2, ..., 9} 
under multiplication modulo 10. The subsemigroups of Zi 0 as 
given in the definition are Si = {0, 7, 9, 1, 3}, S2 = {0, 5} and 
{0, 2, 4, 6, 8} = S 3 . 



Now Si u S2 u S3 □ Z10 i.e., Z 10 = Si u S2 u S3, so in this 
case also Z 10 is trivially a S-perfect quasi set ideal semigroup. 

Example 3.17 : Let Z 30 = {0, 1, 2, ..., 29} be the semigroup 
under multiplication modulo 30. 

The subsemigroups of Z 30 are; 

Si = {0, 1, 29}, S 2 = {2, 4, 8, 16}, S 3 = {0, 10, 20}, 

S 4 = {0, 14, 16,22, 18}, S 5 = {0, 9, 17,3,27,21}, 

S 6 = {0, 15}, S 7 = {1, 17, 19, 23}, S 8 = {0, 5, 25}, 

S 9 = {0, 24, 12, 18, 6}, S10 = {0, 16, 26}, 

S11 = {0, 28, 4, 16, 22}, S 12 = {0, 7, 19, 13, 1} 

and Si3={0, ll},Z 30 c (JS, . 

i=l 

Clearly Z 30 is a S-perfect quasi set ideal semigroup. 

It is pertinent to mention here that for a semigroup S which 
is S-perfect quasi set ideal semigroup we have 



n n n 

S cz [JSj (n < 00) and \^JS i c= S so S = \ < JS i . 

i=l i=l i=l 

n 

Thus it is very rare to find I J S ; cz S (strict inequality or 

i=l 

containment n ^ 1, that is n > 1). 

We have given only examples from the semigroups Z n ; n 
any integer. 

We find the following interesting results about set ideals in 
semigroup or set ideal semigroups. 
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Example 3.18: Let Z l2 = {0, 1,2, ..., 1 1} be a semigroup under 
x. The subsemigroups of Z 12 are Si = {0, 6, 1}, S 2 = {0, 6}, S3 
= {0, 3, 6, 9}, S 4 = {1, 0, 9, 6, 3}, S 5 = {0, 4, 8, 1}, S 6 = {0, 4, 
8}, S 7 ={0,1 }and S 8 = {0,11,1}. 

Consider the subsemigroup Sg = {0, 4, 8} c Z 12 . 

Let P = {0, 3, 6, 9} cr Zi 2 . P is a set ideal of the semigroup 
relative to the subsemigroup Sg. 

Clearly P is also a set ideal of the semigroup relative to the 
subsemigroup S 7 . 

We see P is also a set ideal of the semigroup Z 12 relative to 
the subsemigroup Sg n S 7 = {0} as well as Sg u S 7 = {0, 1, 4, 8} 

= s 5 . 

In such cases we define the set ideal to be a nice set ideal. 
In case S; u Sj is not a semigroup or the full semigroup. We 
call such set ideals as bad set ideals. 

Example 3.19: Let Z 7 be the semigroup under multiplication 
modulo 7. Si = {0, 1, 6} c Z 7 is a subsemigroup of Z 7 . S 2 = {0, 
1, 2, 4} c Z 7 is a subsemigroup of Z 7 . S3 = {0, 1, 5, 4, 6, 2, 3} = 
Z 7 is a improper subsemigroup of Z 7 . 

P = {0, 5, 2} c Z 7 is a set ideal of Z 7 relative to the 
subsemigroup {0, 6} = S. However P is not a set ideal of Z 7 
relative to the subsemigroup S 2 = {0, 1, 2, 4}. 

Pi = {0, 3, 5, 6} c Z 7 is a set ideal of Z 7 relative to the 
subsemigroup S 2 = {0, 1, 2, 4} (or S3 = {0, 4, 2}). 

Pi is not a set ideal over the subsemigroup Si = {0, 1, 6}. 
For S1P1 = {0, 4, 2, 1}. Thus S1P1 at Pi, hence Pi is not a set 
ideal relative to the subsemigroup Si. 



In view of this example we make the following definition. 
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DEFINITION 3.5: Let S be a semigroup. P a proper subset of S, 

5 1 and S 2 be two distinct subsemigroups of S. If P is a set ideal 
of S with respect to the semigroup S t (say) and not a set ideal of 
S with respect to S 2 but PS 2 = Si then we call the subsemigroup 

5 2 to be a set ideal related to subsemigroup S 1 via P. 

However Si is not a set ideal related subsemigroup of S 2 
via P. 

The above example is an illustration of this definition. 

Example 3.20: Let Z n be the semigroup under product. The 
subsemigroup of Zn are Si = {0, 1}, S 2 = {0, 1, 10}, S3 = {1, 3, 
9, 4, 5} and S4 = {0, 1, 3, 4, 5, 9} are some of the 
subsemigroups of Z n under modulo 11. We now find set ideals 
of Zn related to some of these subsemigroups. 

Take P = {0, 7, 4} cr Zn is a set ideal of the semigroup Zn 
over the subsemigroup S 2 = {0, 1, 10} c= Zn- 

However P c Zn is not a set ideal of the semigroup Zn over 
the subsemigroup S3 = {1, 3, 9, 4, 5} or S4; but is a set ideal 
over Si. 

It is interesting to see that Z p , p a prime has non trivial 
subsemigroups under x. Further Z p has set ideals, but Z p does 
not contain any ideals other than {0}. 

This is one of the advantages of using set ideals and the 
major difference between the set ideals and ideals of a 
semigroup of modulo integers for a prime p. 

Example 3.21: Let S = Z13 = {0, 1, 2, ..., 12} be the semigroup 
under product modulo 13. 

Clearly Pi = {0, 1, 12} cr Z B is a subsemigroup of the 
semigroup Z13. P 2 = {1, 12} cr Z13 is also a subsemigroup of 
Z13. 2 generates Z 13 \ {0} so only P 3 = Z 13 \ {0} cr Z 13 can be 
semigroup which is also a group. P 2 is also a group. 
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Mi = {0, 2, 11} c Z 13 is a set ideal of Z 13 over the 
subsemigroups Pi and P2. 

M 2 = {0, 3, 10} cr Zi 3 is also a set ideal of Z [3 over the 
subsemigroups Pi and P 2 . M 3 = {0, 4, 9} c Z [3 is also a set 
ideal of Z ]3 over the subsemigroups Pi and P 2 of Z [3 . 

M 4 = {0, 5, 8} c Zy is also a set ideal of Z [3 over the 
subsemigroups Pi and P 2 . M 5 = {0, 6, 7} c Z [3 is also a set 
ideal of Z i3 over the subsemigroups Pi and P 2 . 

Now based on this example we make the following 
definition. 

DEFINITION 3.6: Let S be a semigroup. P cr 5 be a proper 
subset of S. G cr S be a group in S that is S is a Smarandache 
semigroup. IfP is a set ideal over G we call P to be a strong set 
ideal of the semigroup S over the group G of S. 

We will first give examples of them. 

Example 3.22: Let S = Z [7 be the semigroup under product x. 
P = {0, 1, 16} is a subsemigroup of S. 

Consider Mi = {0, 2, 15} c= Z17 is a strong set ideal of S 
over the subsemigroup P = {0, 1, 16}. 

Likewise M 2 = {0, 3, 14}, M 3 = {0, 4, 13}, M 4 = {0, 5, 12}, 
M 5 = {6, 0, 11}, M 6 = {0, 7, 10} and M 7 = {0, 8, 9} are set 
ideals of the semigroup S over the subsemigroup P = {0, 1, 16}. 
If in P we remove ‘0’ and call it as Pi = {1, 16} then M 2 , ..., Mg 
are strong set ideals of the semigroup over the group Pi. Also 
M; \ {0}; 1 < i < 7 are strong set ideals of the semigroup over 
the group Pi = {1, 16}. Thus Z n has atleast 14 such strong set 
ideals over the group Pi = {1, 16}. 



In view of this we have the following theorem. 
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THEOREM 3.2: Let Z p = {0, 1, 2, p-lj , p a prime be the 

semigroup under xmod p. Let P = (1, p-1} be the group ofZ p . 
Z p has ( p-3 ) strong set ideals relative to P. 



Proof: Take Mi = {2, p-2}, M 2 = {3, p-3}, M 3 = {4, p-4},... 
fp-1 p + f 



and M 



(P-3)/ 



to be strong set ideals of Z p over P 



{1. P— !}• 



Also N, = {0, 2, p-2}, N 2 = {0, 3, p-3}, 



and 



M 



(P-3)/ 



= { 0, — - \ ^ ^ } are strong set ideals of Z p over P. 



Thus Z p has p-3 such strong set ideals over P. 



Corollary 3.1: Every one of the p-3 strong set ideals of Z p over 
Z p are such that the sum of its non zero terms is p. 

Proof: Obvious from the fact for any Mj or Nj in theorem 3.2 
we see a + b = p for a, b e Mj or a, b e N; \ {0}; for 1 < i, 



The reader can study whether the theorem 3.2 holds good in 
case of Z n , n not a prime. 

In view of this we consider the following examples. 

Example 3.23: Let Z 15 be semigroup under product x. 

S = {1, 14} c Zis is a group under product. 

Consider Pi = {0, 2, 13}, P 2 = {0, 3, 12}, P 3 = {0, 4, 11}, 
P4 = {0, 5, 10}, P5 = {0, 6, 9} and P6 = {0, 7, 8} are strong set 
ideals of Z i5 over the group S. 

Also Mi = {2, 13}, M 2 = {3, 12}, M 3 = {4, 11}, 
M 4 = {5, 10}, M 5 = {6, 9} and M 6 = {7, 8} are strong set ideals 
of Zi 5 over S. 
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Thus Z 15 has 12 strong set ideals over the group S cr Z 15 . 

Example 3.24: Let Z 32 be the semigroup under product. 

P = {1,31} be the group under product. Every M, = {0, t, 32-t} 
and Nj = {t, 32-t}, t > 2, 2 < t < 15. 1 < i, j < 14 are strong set 
ideals of Z 32 over the group P and {0, 16} cr Z 32 is also a strong 
set ideal of Z 32 over P. 

Example 3.25: Let Z 6 = {0, 1, 2, 3, 4, 5} be the semigroup 
under product. P = {1,5} c Z 6 is a group. Mi = {2, 4} and M 2 
= {3} are strong set ideals of Z 6 over P. 

Further Ni = {0, 2, 4} and N 2 = {0, 3} are also set ideals of 
Z 6 over the group {1,5} cZ 6 . 

Example 3.26: Let S = Zi 8 be the semigroup under product. 
P = {1, 17} c S be the group under product. 

Mi = {2, 16}, M 2 = {3, 15}, M 3 = {4, 14}, M 4 = {5, 13}, 
M 5 = {6, 12}, M 6 = {7, 11}, M 7 = {8, 10} and M 8 = {9} are 
subsets of S which are strong set ideals of S over the group 
PcS. 

Also Ni = {0, 2, 16}, N 2 = {0, 3, 15}, ..., N g = {0, 9}, that 
is Nj = Mj u {0} ; 1 < j < 8 are also subsets of S which are strong 
set ideals of S over the group P = { 1 , 17}. 

In view of all this we have the following theorem. 

THEOREM 3.3: Let Z n be the semigroup under product (n any 
composite number of the from 2nz) Z n has atleast n - 2 number 
of strong set ideals over a group G crZ„. 

Proof: Take G = {1, n-1} c Z„, G is a group under product. 

Let Mj = {t, n-t} and Nj = Mj u {0} . 1 < j < (n-2)/2 and 2 < t < 
n/2 or n-1/2 Mj and Nj are strong set ideal of Z n over the group 
G and they are n— 2 in number. 
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Our natural question would be can Z n have more strong set 
ideals of the semigroup over any other group. 

To this end we make the following observations. 

Example 3.27 : Let Z 6 = {0, 1, 2, 3, 4, 5} be the semigroup 
under product. Apart from the group G = {1, 5} c= Z 6 , 
H = {2, 4} c Z 6 is a again group under product and 4 act as the 
identity. The table of H is as follows; 



X 


2 


4 


2" 


4 


~2 


4~ 


2 


~4 



Now P = {0} c Z 6 is a strong set ideal of Z 6 over the group 
H = {2, 4}. Also P is a strong set ideal of Z 6 over the group 
G = {1, 5}. However HnG = i|. We see P is set ideal over the 
H is a set ideal over the semigroup P of Z 6 as H c Z 6 ; H is a 
semigroup under product. M = {0, 3, 5, 2, 4} c Z 6 is a strong 
set ideal over the group G = {1, 5} and H = {2, 4}. But it is to 
be noted that HcM. 

Example 3.28 : Let Z 12 be the semigroup under x. 

Gi = {4, 8} c Z 12 is a group with 4 as its identity; 8 2 = 4 
(mod 12), G 2 = {3, 9} cr Z 12 is again a group with 9 as its 
identity 3 2 = 9 and 9 2 = 9 (mod 12), G 3 = {1, 5} c Z [2 is a group 
for 5 2 = 1 (mod 12), G 4 = {1,7} c Z 32 is a group for 7 2 = 1 (mod 
12) and 1 is the identity. G 5 = {1, 11} c Z [2 is again a group of 
Z 12 . 



Let P = {2, 10} c Z | 2 be a set. Clearly P is not closed under 
product. P is a strong set ideal of Z i2 over the group G 5 = {1, 
11}. However P is not a strong set of Z 12 over the group Gi or 
G 2 . However P is a strong set ideal of Z [2 over the group 
G 4 = {1, 7} c Z 12 and G 3 = {1, 5} c Z 12 . Thus P is a strong set 
ideal of Zi 2 over the three groups G 4 = {1, 7}, G 3 ={1, 5} and 
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G 5 = {1, 11} ofZ 12 . Consider T = {2, 6 } c Z 12 ; T is a strong set 
ideal over the groups G 5 = {1, 1 1}, G 4 = {1,7} and G 2 = {3, 9} 
of Z 12 . 



Suppose B = {2, 3, 5, 7} c Z 12 , B is not a semigroup and B 
does not contain any proper subsemigroup. Now P is a strong 
set ideal only over the group G 5 = {1, 11} and not over any 
other group of Z 22 . 

We define these strong set ideals as special or unique strong 
set ideal over the group G. However T and P are not special 
strong set ideals of Z 12 . 

In view of this we have the following theorem. 

THEOREM 3.4: Let P be a special strong set ideal of a 

semigroup S over the group G cz S (P c; S). P is a strong set 
ideal of S. Every strong set ideal of S in general need not be a 
special strong set ideal of S. 

Proof : One way of the proof follows from the definition. The 
other way is true from the above theorem. 

Example 3.29: Let Z 10 = {0, 1, 2, 3, 4, 5, 6 , 7, 8 , 9} be the 
semigroup under product. G = {1, 9} c Z 10 is a group under 
product modulo 10 . 

Gi = {2, 4, 6 , 8 } cr is a group with 6 as the identity 
given by the following table. 



X 


2 


4 


6 


8 


2 ~ 


4 


8 


2 


~6 


4~ 


8 


6 


4 


~2 


6~ 


2 


4 


6 


~8 


8~ 


6 


2 


8 


~4 
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Take G 2 = {1, 3, 7, 9} c Z 10 , G 2 is also a group with 1 as its 
multiplicative identity. 



X 


1 


3 


7 


9 


r 


1 


3 


7 


~9 


3 ~~ 


3 


9 


1 


~i 


T 


7 


1 


9 




9 ~ 


9 


7 


3 


T 



G 2 contains a subgroup G = {1, 9} c Z\ 0 . Gi contains 
G 3 = { 6 , 4} c Z 10 as a subgroup. 

Take W = {2, 4, 6 , 5, 8 } e Z w , W is a strong set ideal over 
the group G 2 = {1, 3, 7, 9} c Z 10 . Clearly Gi = {2, 6 , 4, 8 }cW 
and W is also a strong set ideal over the group Gi. 

Consider C = {0, 5} c Z 10 , C is a strong set ideal over both 
the groups G 2 = {1, 3, 7, 9} and Gi = {2, 6 , 4, 8 } of Z 10 . 

Example 3.30: Let S = Zp be the semigroup under product. 
Gi = {1, 12 } c Z 13 is a group under product. 

G 2 = {1, 3, 4, 9, 10, 12} c Z 13 is again a group of Z 13 . 
G! c G 2 . M, = {0, 2, 11}, Ni = {2, 11}, M 2 = {0, 3, 10}, 
N 2 = {3, 10}, M 3 = {0, 4, 9} N 3 = {4, 9}, M 4 = {0, 5, 8 }, 
N 4 = {5, 8 }, M 5 = {0, 6 , 7} and N 5 = { 6 , 7} are strong set ideals 
over the group Gp Infact P! = {4, 9, 0, 6 , 7, 5, 8 } cr Z 13 is also a 
strong set ideal of Z i3 over the group Gi = {1, 12}. 

Clearly Pi = {0, 4, 9, 6 , 7, 5, 8 } c Z 13 is not a strong set 
ideal of Z 13 over the group G 2 = {1, 3, 4, 9, 10, 12} cr Z 13 . 
G 3 = {1, 5, 8 , 12} c Z 13 be the group given by the following 
table. 
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X 


1 


5 


8 


12 


1 


1 


5 


8 


12 


5 


5 


12 


1 


8 


8 


8 


1 


12 


5 


12 


12 


8 


5 


1 



Both the groups G 2 and G 3 contain Gi = {1, 12} cr Z 13 . 
However Pi is not a strong set ideal of Z i3 over the group 
G 3 = {1,5,8, 12}. 

THEOREM 3.5: Let Z p (p a prime ) be the semigroup , Z p has 
subgroups. 

The proof is direct and exploits simple number theoretic 
techniques. 

Interested reader can study the strong set ideals and special 
strong set ideals of a semigroup S over a group GcS. 

Now we proceed onto describe four types of ideals. 

Let S be a semigroup P be a subsemigroup of S. Suppose 
M is another subsemigroup of S different from P and if for 
every p e P and m e M, mp, pm e P we call P a one way 
subsemigroup ideal of S over the subsemigroup M of S. 

If we have for every p e P and m e M, mp and pm e M 
and P a one way semigroup ideal of S and M is also a one way 
semigroup ideal of S then we define (P, M) or (M, P) to be the 
two way subsemigroup ideal of S. 

We will first illustrate this situation by some examples. 

Example 3.31 : Let Z 6 = S be the ring of integers. 



P = {0, 3,5, 1 } and M = {0, 2, 4} are subsemigroups of S. 
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Clearly M is a one way subsemigroup ideal group over P. 
However P is a not a one way subsemigroup ideal over M. 
Suppose we take Pj = {0, 3} then (P^ M) ((M,P!)) is a two way 
semigroup ideal of S. 

Example 3.32: Let S = {0, 1, 15} = Z 16 the semigroup 

under product. {0, 1, 15} = P is a subsemigroup. M = {0, 2, 4, 
14} c= Z 16 is again a subsemigroup. M is a one way 
subsemigroup ideal over the subsemigroup P of S; we see P is 
not a one way subsemigrouip ideal over the subsemigroup M of 
S. 

Example 3.33: Let S = {0, 1,2, ...,25} = Z 2 4 be the semigroup 
under product. P = {0, 6, 12} c S is a subsemigroup of S. 
M = {4, 0, 8, 16} c S is again a subsemigroup of S. (P, M) is a 
two way subsemigroup ideal of S. If T = {0, 1, 23} c Z. T is 
not a subsemigroup ideal over P or M. 

THEOREM 3.6: Let S be a semigroup with unit 1. Suppose P is 
a subsemigroup with 1 and M is another semigroup different 
from P. P is a one way subsemigroup ideal of S over M. 

Proof : If P is a one way subsemigroup ideal of S over M and if 
1 g P clearly l.m e P for every m e M so M c P. Hence the 
claim. 

Now we proceed onto define group-subsemigroup ideal of a 
semigroup over a subsemigroup. Suppose S be a semigroup, G 
a group ofS, G c S. Let P be a subsemigroup of G n P ^ P or 
G. 



If for every g e G and p e P, pg and gp e P. We call P to 
be a group-subsemigroup ideal over a subsemigroup PcS. 

If G is such that gp and pg e G for all g e G and for all p e 
P, we call G to be subsemigroup-group ideal of S over the group 
G. 



We will illustrate both the situations by some examples. 
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Example 3.34: Let S = {0, 1, 2, 11} = Z i2 be the semigroup 

under product. Gi = {1, 11} c S is a group in S. G 2 = {4, 8} c S 
is a group in S. Pi = {2, 4, 8, 0} c S is a semigroup under 
product. Pi is a group-subsemigroup ideal of S over the groups 
Gi as well as G 2 . But G 2 c Pi this is to be noted. 

Consider P 2 = {0, 2, 4, 6, 8, 10} c S, P 2 is a subsemigroup 
of S; P 2 is a group-subsemigroup ideal over the group Gi. 

Take P 3 = {0, 3, 9} c S, P 3 is a group-subsemigroup ideal 
of S over the groups Gi and G 2 . G 3 = {3, 9} c S is again a 
group in S. P 2 is again a group-subsemigroup ideal of S over 
the group G 3 . 

Example 3.35: Let S = {0, 1, 2, ..., 15} be a group of S. 
Pi = {0, 2, 4, 6, 8, 10, 12, 14} c S is a subsemigroup of S. 
Clearly P! is not a group. 

G 2 = {1, 3, 9, 11} c S is a group; Pi is a group- 
subsemigroup ideal over the groups Gi and G 2 of S. 

Consider P 2 = {0, 4, 8} c S is a subsemigroup of S. Clearly 
P 2 is a group-subsemigroup ideal over Gi = {1, 15} and is not a 
group-semigroup ideal over G 2 = {1, 3, 9, 11} as 3.4 g P 2 . 

We on similar lines define the notion of subsemigroup- 
group ideal of a semigroup S. 

Let G be a group such that G c S, P c S be a subsemigroup 
of S. PnG^GorP. We say G is a subsemigroup-group ideal 
of S if for every g e G and p e P, pg and gp e G, P the 
subsemigroup of S. 

We will illustrate this situation by some simple examples. 

Example 3.36: Let S = {0, 1, 2, ..., 6} be the semigroup. 
G = {2, 4} be group in S given by the following table. 
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X 


2 


4 


2~ 


4 


~2 


4~ 


2 


~4 



and P = {0, 3,4}cS 



be the subsemigroup given by the following table. 



X 


0 


3 


4 


o ~ 


0 


0 


~0 


r 


0 


3 


~0 


4~ 


0 


0 


~4 



Clearly G is a subsemigroup-group ideal of the semigroup S 
over the subsemigroup PcS. 

Example 3.37: Let Z 5 = {0, 1, 2, 3, 4, 5} be a semigroup. 
G = {1, 2, 3, 4} is a group. If P = S then G is a semigroup- 
group ideal of the semigroup P = S over S. 

This is trivial or we do not accept this structure as a group- 
subsemigroup ideal of S. 

Example 3.38: Let S = {0, 1, 2, ..., 11} be a semigroup under 
product modulo 12. Take G = {4, 8} c S given by the 
following table. 



X 


4 


8 


4~ 


4 


~8 


8~ 


8 


~4 



is a group in S. P = {0, 3, 6, 9} cS;bea subsemigroup under x 
given by the following table. 
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X 


0 


3 


6 


9 


o~ 


0 


0 


0 


~0 


3~~ 


0 


9 


6 




6~ 


0 


6 


0 


~6 


9 ~ 


0 


3 


6 


~9 



G is a subsemigroup-group ideal of S over P the 
subsemigroup. 

Example 3.39: Let Z l5 = {0, 1, 2, 14} be the semigroup 

under product. G = {5, 10} cr Z 15 is a group of order two given 
by the following table. 



X 


5 


10 


5 


10 


5 


10 


5 


10 



with 1 0 as its identity. 



P = {0, 3, 6, 9, 12} cr Zi 5 is a subsemigroup under 
product x. 



X 


0 


3 


6 


9 


12 


0 


0 


0 


0 


0 


0 


3 


0 


9 


3 


12 


6 


6 


0 


3 


6 


9 


12 


9 


0 


12 


9 


6 


3 


12 


0 


6 


12 


3 


9 



G is a subsemigroup-group ideal over the subsemigroup P of S. 

Example 3.40: Let S = Z 19 = {0, 1, 2, ..., 18} be a semigroup 
under x. Gi = {1, 18} c S is a group given by the following 
table. 
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X 


1 


18 


1 


1 


18 


18 


18 


1 



Can S have subsemigroups? 

Example 3.41: Let Z 7 be the semigroup under x; G = {1, 2, 4} 
c Z 7 is a group under product. G 7 = {1, 6 } c Z 7 is a group 
under product. Z 7 has no subsemigroups other than {0, 1, 2, 4} 
and { 0 , 1 , 6 }. 

Example 3.42: Let Z\ 0 be the semigroup under product 

Gi = {1, 9} cr Zio be the group. P = {0, 2, 4, 6 , 5, 8 } c Zi 0 is a 
subsemigroup of Z l0 is a subsemigroup-group of Zio over the 
group G. 

Example 3.43: Let Z [4 = S = {0, 1, ..., 13} be the semigroup. 
G = {1, 13} c Z 14 be the group. 

P= {0, 2, 4, 6 , 8 , 10, 12,7} cZ 14 . 



X 


0 


2 


4 


6 


8 


10 


12 


7 


0 


0 


0 


0 


0 


0 


0 


0 


~0 


2 


0 


4 


8 


12 


2 


6 


10 


~0 


4 


0 


8 


2 


10 


4 


12 


6 


~0 


6 


0 


12 


10 


8 


6 


4 


2 


~0 


8 


0 


2 


4 


6 


4 


10 


12 


~0 


10 


0 


6 


12 


4 


10 


2 


8 


~5 


12 


0 


10 


6 


2 


12 


8 


4 


~0 


7 


0 


0 


0 


0 


0 


5 


0 


~1 



is not a subsemigroup of Z i4 . However M = {2, 4, 6 , 8 , 10, 12} 
c: Z [4 is a group of Z [4 with 8 as its identity under x. 




Set Ideals Topological Spaces 



55 



T = {1, 7, 9, 11} c Z 14 is a subsemigroup of Z 14 given by 
the following table. 



X 


1 


7 


9 


11 


1 


1 


7 


9 


11 


7 


7 


7 


7 


7 


9 


9 


7 


11 


11 


11 


11 


7 


1 


9 



T is not a subsemigroup-group ideal over the group G or M. 

Now we proceed onto define the notion of group-group 
ideal of a semigroup S. Let S be a semigroup under x. G be a 
group in S; G c S and H be another group in S different from G. 
If GH = HG, then we say G is a group-group ideal of a 
semigroup S over the group H. 

We give examples of them. 

Example 3.44: Let S (3) = {The set of all mappings of the set 
(1, 2, 3) to (1, 2, 3)}. S (3) is the symmetric semigroup. 



Consider G = 



H = 



1 2 3 
1 2 3 



1 2 3 
1 2 3 

'1 2 3 
3 2 1 



\ 


"1 2 


3^ 




fl 


2 


3^ 


L 


/ 


v 2 3 


1 7 




v3 


1 


2 J 


) ~ 



c S(3) and 
<r S(3) be groups in S(3). 



GH = HG, that is G a group-group ideal of the semigroup S 
over the group H. 

Example 3.45: Let S(4) = {the set of all mappings of the set 
(1, 2, 3, 4) to (1, 2, 3, 4)} be the symmetric semigroup. 
A 4 cr S(4) is a group in S(4). 
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Consider G = < 





'\ 2 


3 


4' 




f 1 


2 


3 4" 




J 2 


3 


4, 


9 


v2 


3 


4 K 



' 1 2 


3 


4 " 


f 1 


2 


3 


4 ^ 


u 


v3 4 


1 


2/ 


\4 


1 


2 


3; 


J ■ 



S(4) is again a semigroup. 



We see A 4 G = GA 4 so A 4 is a group-group ideal of the 
semigroup over the group G. 



THEOREM 3.7: Let S(n) be the symmetric semigroup. The 

group A n in S(n) is such that A„G - GA„for some group G € 
S(n)\A„. 



The proof follows from the fact S(n) contains S n the group 
and S n has subgroups He S n \ A n such that H A n = A n H, 
H c S(n) \ A n . 

Hence the claim. 



Now we can define S-set ideals and S-subsemigroup-group 
ideal and group- S-semigroup ideal of a semigroup S. All these 
are carried out as a matter of routine and interested reader is left 
with task of constructing all these types of ideals. 

We proceed onto define the notion of minimum and 
maximum (minimal and maximal) set ideals of a semigroup and 
illustrate this situation by some examples. 

Let S be a semigroup Si c S be a subsemigroup of S. 
Suppose P c S is a proper subset of S and P is a set ideal of S 
relative to the subsemigroup Si of S. We say P is a minimal set 
ideal of S relative to the subsemigroup Si of S if we have 
^ Pi c P c S and |Pi| > 2 and if Pi is also a set ideal of S 
relative to the subsemigroup Si then either Pi = c() or |P| = 1 or 
Pi = P then we call P the minimal set ideal of S relative to the 
subsemigroup Si of S. 

Likewise we say the set ideal P of S relative to the 
subsemigroup Si of S is a maximal set ideal of S if P c Pi c S 
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where Pi is also a set ideal of S relative to Si, then P = Pi or Pi 
= S; we call P to be the maximal set ideal of S relative to the 
subsemigroup Si of S. It is to be noted that we cannot define 
maximal or minimal with respect to some other subsemigroup 
Si of S. 



Example 3.46: Let S = {0, 1, 2, 3, 4, 5} be the semigroup under 
product modulo 6 . Si = {0, 2, 4} c S is a subsemigroup of S. 
Take P = {0, 3} c S. P is a set ideal of S over Si. 

Take B={0,5}cS. B is also a set ideal of S over Si. 

We see both B and P are minimal set ideals of S over the 
subsemigroup Si of S. M = {0, 5, 3} c S is a maximal set ideal 
of S over the subsemigroup Si of S. We have only one maximal 
set ideal for S over the subsemigroup Si of S. 

Example 3.47: Let S = Z l0 = {0, 1, 2, 9} be the semigroup 

of integers modulo 10. Si = {0, 1, 5, 6 } c S is a subsemigroup 
of S. 

S 2 = {0, 2, 4, 6 , 8 , 1} c S is also a subsemigroup of S. 
Pi = {0, 2, 4, 6 , 8 } c= S is a maximal set ideal of S over the 
subsemigroup Si = {0, 1, 5, 6 }. 

P 2 = {0, 2} c S is a minimal set ideal of S over the 
subsemigroup Si. 

P 3 = {0, 6 } c S is a minimal set ideal of S over the 
subsemigroup Si. 

P 4 = {0, 4} c S is a minimal set ideal of S over the 
subsemigroup Si. 

However P 5 = {0, 2, 6 } c S is not a minimal or maximal set 
ideal of S over the subsemigroup Si of S. 

THEOREM 3.8: Let S be a semigroup. Si cr S be a 

subsemigroup of S. Let P lt P 2 , P„ be set ideals of S over the 
subsemigroup S /. 
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(1) [J P = P is again set ideal ofS over the subsemigroup Sj. 

i=l 

n 

(2) = (j) or { 0 } or P. P is a set ideal of S over the 

i=l 

subsemigroup Si of S. 

It is important and interesting to note that in case of set 
ideal of S over a subsemigroup Si we get the union to be again a 
set ideal of S over Si. However if the intersection is non empty 
or 0 or some P we see that is also a set ideal of S over Si. 
However if we vary Si over which the set ideals are defined no 
meaningful result can be had. 

In view of this we can have several nice properties both for 
rings as well as for semigroups. 

THEOREM 3.9: Let L denote the collection of all set ideals of a 
semigroup (or a ring) S (or R) over the subsemigroup Si (or Rj 
the subring of R) of S. (L, u, n) is a lattice called the lattice of 
set ideals related to the subsemigroup Si (or R, the subring). 

Proof: Let S be the semigroup Si cz S be a proper subsemigroup 
of S. Let Pi, P 2 , . . ., P n be set ideals of S over the subsemigroup 
S (or ideals of R over the subring Ri). 

n n 

P = I^JPj and T = P|P ; (= t() or {0}, T ^ <(> or {0}}. 

i=t i=l 

L = { {P, T, Pi, ..., P n }, u, n} is a lattice of set ideals 
relative to the subsemigroup Si of S (subring Ri of R). 



Infact L = (J P . » Pi. P 2> .... P n, H Pj 1 is a lattice with 



P|P ; as its least element as a set ideal over Si or (j) and [JPj is 

i=l i=i 

the maximal set ideal of S over the subsemigroup Si of S. 



We will illustrate this situation by some examples. 
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Example 3.48: Let S = Z J4 be the semigroup under product x. 
Si = {0, 1, 7} c S is a subsemigroup of S. Pi = {0, 2} c S is a 
set ideal of S over the subsemigroup Si of S. 

P2 = {0, 4} c S is a set ideal of S over the subsemigroup Si 
of S. P 3 = {0, 6} cS,P 4 = {0, 8 } cS,P 5 = {0, 10} c S and 
P 6 = {0, 12} c S are set ideals of S over the subsemigroup Si. 

Consider Pi = {0, 2, 4} cS, P21 {0, 10, 12} c: S are all 
set ideals of S over Si, P22 = {0, 2, 4, 6 }cS, ..., P41 = {0, 8, 10, 
12} cr S are set ideals of S over the subsemigroup Si. P42 = {0, 

2, 4, 6, 8} cr S, P 43 = {0, 2, 4, 6, 10} cS P 56 = {0, 6, 8, 10, 

12} cr S are all set ideals of S over Si, P57 = {0, 6, 8, 10, 2, 4} cr 

S, ..., P 62 = {0, 4, 6, 8, 10, 12} cr S are set ideals of S over Si. 

62 

P 63 = {0, 2, 4, 6, 8, 10, 12} cS = is again a set ideal of S 

i=l 

62 62 

over Si. Thus L = {(0), P)P t , Pi, P 2 , ..., P 6 2, Pe3 =0^ t is a 

i=l i=l 

lattice of set ideals of S over the subsemigroup Si. 

Example 3.49: Let S = Z 6 = {0, 1,2, 3, 4, 5} be the semigroup 
under product. Si = {0, 3, 1} cSbea subsemigroup of S given 
by the following table. 



X 


0 


1 


3 


0 ~ 


0 


0 


~0 


r 


0 


1 




3 ~~ 


0 


3 


1 



Take Pi = {0, 2} cS,P 2 = {0, 4}cS and P 3 ={0, 2, 4} c S, 
P 3 = Pi u P 2 are set ideals of S over the subsemigroup S b 
L = {(0), Pi n P 2 , Pi, P2, Pi u P 2 = P 3 } is a lattice with the 
following diagram. 
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P!UP 2 ={0,2,4! 

P i = {°’ 2 } P 3 ={0,4j 

PinP 2 ={0} 

L is a distributive lattice infact a Boolean algebra of order four. 

Example 3.50: Let Z 8 = S = {0, 1, 2, 7} be the semigroup. 

Si = {0, 1, 7} be the subsemigroup of S. 

Let P = {0, 2, 6 , 3, 5, 4} be a set ideal over the 
subsemigroup Si of S. 

Pi = {0, 2, 6 } cS,P 2 = {0, 4} cS,P 3 = {0, 3, 5} c= S, 
P 4 = {0, 2, 6 , 4} cS,P 5 = {0, 2, 6 , 3,5}cS and P 6 = {0, 3, 5, 
4}cS be set ideals of S over the subsemigroup Si. 

6 

Let L = {{0}, Pi, P 2 , P 3 , P 4 , P 5 , P|Pj = P} be lattice of set 

i-l 

ideals. 



P 




L is a distributive lattice infact a Boolean algebra of order 8 . 
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Example 3.51: Let S = {Z 9 } = {0, 1, 2, 3, 4, 5, 6, 7, 8} be the 
semigroup under product. P = {0, 2, 7, 3, 6, 4, 5} be the set ideal 
of S over the subsemigroup Si = {0, 1, 8} c S = Z 9 . 

Pi = {0, 2, 7}, P 2 = {0, 3, 6}, P 3 = {0, 4, 5}, P 4 = {0, 2, 7, 3, 

6}, P 5 = {0, 2, 7, 4, 5}, P6 = {0, 3, 6, 4, 5} be set ideals of S 

6 

over the subsemigroup Si of S. L = {(0) = P|P; , Pi, P 2 , P6, 

i=l 

6 

P = [JPj } be the lattice of set ideals of S over Si. 

i=l 



P 




( 0 ) 



L is a distributive lattice of order 8. 



Example 3.52: Let S = Z 9 = {0, 1,2, ...,8} be the semigroup 
under product. Sj = {1, 2, 4, 5, 7, 8} c S, be the subsemigroup 
of S. P = {0, 3, 6} be the set ideal of S over Si. Clearly we see 
this is the only set ideal of S over Si. 

Example 3.53: Let S = (Z, x) be the semigroup. Let {0, 1,-1} 
= Si c S be the subsemigroup of S. 2Z = Pi, 3Z = P 2 , 4Z = P 3 , 
..., nZ = P n _i are all set ideals of S over the subsemigroup Si of 
S. 

Not only these Ni = (-2, 2, 0, 198, -198} c S is also a set 
ideal of S over Si. Thus the collection of set ideals of S over the 
subsemigroup Si is infinite in number; {0} is the least element 
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and Z is the greatest element of this infinite lattice. For instance 
Mj = {1, 2, 3, 0, -1, -2, -3} is also a set ideal of S over Si. 

M 2 = {2, -2, 0} is also a set ideal of S over Si and so on. 
However if P is a set ideal of S over the subsemigroup Si then 
minimum P is, |P| = 3 and P = {0, -n, n}; n an integer in Z. 

Any other P 2 of order five alone can occur that is with 
elements of the form P 2 = {0, a, -a, b, -b}, a, b e Z is a set ideal 
of Z over the subsemigroup Si = {0, 1,-1}. Next P 3 will be of 
order seven and so on. Any P, would be of odd order say 2n+l 
with ± ai, + a 2 , . . ., + a n e Z. 

Thus we have a collection and we have a layer say 2Z, 3Z, 
5Z, ..., pZ, p’s prime then a layer with (p, q) c Z, p and q two 
distinct primes and reach Z. Z being the greatest element and 
{0} the smallest element. 



Z 




{0, ±ai, ±a 2 } 




Thus {0, aj, -a;} are the atoms of this lattice. Now L is a lattice 
of infinite order. 




Set Ideals Topological Spaces 



63 



Example 3.54: Let S = (Q, x) be the semigroup under x. 

Si = {0, 1, -1} c S be the subsemigroup of S. 

Let M be the set ideals of S associated with the 
subsemigroup Si. Like in case of example 3.53 all set ideals are 
of odd order and order three set ideals form the atoms of M. 

{M, n u} is a lattice of infinite order. 

L in example 3.53 is a sublattice of M. 

Example 3.55: Let S = (R, x) be the semigroup under product 
Si = {0,-1, 1} be a subsemigroup of S. Let N denote the lattice 
of all set ideals of S over the subsemigroup Si of S. N is also an 
infinite lattice and atoms of N are set ideals of S over Si of 
order three. Clearly L in example 3.53 and M in example 3.54 
are sub lattices of N. LcMcN. 

Finally we use, C the complex field, to build set ideals using 
c. Here we have two subsemigroups of C of finite order. Si = 
{0, 1,-1} and S 2 = {0,-1, 1, i, — i} inC. 

Using these two finite subsemigroups we can build set 
ideals over Si or S 2 . 

All set ideals over Si need not be contained in the collection 
of set ideals over S 2 however the reverse is true. 

Thus we can get two lattices Gi and G 2 associated with the 
subsemigroups Si and S 2 respectively where G 2 will be a 
sublattice of Gj. Thus we have seen the lattice of set ideals of a 
semigroup S defined over a subsemigroup Si of S both finite 
and infinite. 

Thus the set ideals of a semigroup S built over the same 
subsemigroup Si of S is an infinite lattice. 



Now we give a topological structure to these set ideals. 
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DEFINITION 3.7: Let S be a semigroup. Let T denote the 
collection of all set ideals of S relative to a subsemigroup Si of 
S. (T, Si) is defined as a topological set ideal space of S relative 
to the subsemigroup Si of S. 

The following facts are to be observed: 

( i) T contains either {0} or the empty set. 

(ii) T itself is a set ideal of S relative to the subsemigroup Si 
ofS. 

(iii) The union of any family of set ideals of S relative to the 
subsemigroup Si of S is again a set ideal of S over Si. 

(iv) Intersection of any two hence even infinite number of 
set ideals of S over the subsemigroup Si of S is again a 
set ideal ofS over Si or for {0}. 

Thus T with the property of set ideals of a semigroup S over 
the subsemigroups Si of S is a topological space T relative to 
the subsemigroup Si of the semigroup S. 

We will illustrate this situation by some example. 

Example 3.56: Let S = (Z, x) be a semigroup under product. 
Si = {0, 1, -1} c S be a subsemigroup of S. T be the collection 
of set ideals of S over the subsemigroup Si of S. (T, Si) is a 
topological space of set ideals of S over the subsemigroup Si. 

Clearly P = {(0, a ; , -a ; ) | a ; e Z, 1 < i < co} c T is a basic set 
ideals of the space T over the subsemigroup Si. Clearly T 
satisfies both the first and second axiom of countability. 
Further as T satisfies the second axiom of countability, T is 
separable. 

Example 3.57: Let S = {Q, x} be a semigroup under product. 
Let Si = {0, 1,-1} be the subsemigroup of S. Let P = {all set 
ideals of S over the subsemigroup Si of S}. P is a topological 
space of set ideals of a semigroup S over the subsemigroup Si 
of S. Infact T c P is a subspace of set ideals of S over the 
subsemigroup Si of S (T mentioned in example 3.56). Further 
all set ideal topological space properties enjoyed by T is 
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enjoyed by the set ideal topological space P over the 
subsemigroup Si of S. 

Example 3.58: Let S = (R, x) be the semigroup. Si = {0, -1, 1} 
cr (R, x) = S be a subsemigroup of S. Find the set ideal 
topological space P of S over the subsemigroup Si. P = {all set 
ideals of S defined over the subsemigroup Si of S}. 

Example 3.59: Let S = (C, x) be the semigroup of complex 
numbers. Suppose Si = {-1, 1, 0} c S be a subsemigroup of S. 
Study the topological space V of set ideals over the 
subsemigroup Si cr S. If S 2 = {-1, 1, 0, -i, i) c S be a 
subsemigroup of S and if W = {collection of all set ideals of S 
over the subsemigroup S 2 of S}, W be the topological space of 
set ideals of S over the subsemigroup S 2 of S. 

Example 3.60: Let (R u 1) = S be the semigroup Si = {1, 1, 0} 
be a subsemigroup of S under x. Let P = {collection of set 
ideals of S over the subsemigroup Si of S} be the neutrosophic 
set ideal topological space of S over the subsemigroup Si of S. 

Suppose S 2 = {1, -1, 0, 1, -1} be the subsemigroup of S. Let 
M = {collection of a set ideals of S over the subsemigroup S 2 of 
S} be the neutrosophic set ideal topological space of S over the 
subsemigroup S 2 of S study ifPcMorMcP? 

Example 3.61: Let S = {(Z u 1), x} be a semigroup. Si = {0, 1, 
1} c S be a subsemigroup of S. Let Pi = {collection of all set 
ideals of S over the subsemigroup Si of S} be a neutrosophic set 
ideal topological space of S the semigroup S over the 
subsemigroup Si of S. 

Take S 2 = {0, 1, I, -I, -1} c S to be a subsemigroup of S. 
Let P 2 = {collection of all set ideals of S over the subsemigroup 
S 2 of S} be the neutrosophic set ideal topological space of S 
over the subsemigroup S 2 of S. 
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Example 3.62: Let S = {(C u I)} be semigroup under product. 
Si = {0, 1, -1} cSbea subsemigroup of S. Let M = {collection 
of all set ideals of S over the subsemigroup Si of S} be the 
neutrosophic complex set ideal topological space of S over the 
subsemigroup Si of S. M = {{0, a -ail} u {0, ad, -ad, a 2 l, 
-a 2 I | ±ai, + a 2 g C} u ... u {0, + ad, ± a 2 I, ± a 3 I, ..., ± a n I, ... 
where aj gC; 1 < j < n}. Find the lattice associated with the set 
ideals of S relative to the subsemigroup Si of S. 

Example 3.63: Let S = {Q u 1} be a neutrosophic semigroup 
under x. 

Consider Si = {I, -1, 0, 1,-1} cS be the subsemigroup of 
S. P = {collection of all set ideals of S over the subsemigroup Si 
of S} is a neutrosophic set ideal topological space of S relative 
to Si of S. Also P enjoys a neutrosophic lattice structure with 0 
as its least element and P ; = {0, aj, —a, 1 } | ± a, e Q as atoms for 
atoms of P can have the minimum cardinality to be three. For 
instance {0, 7+1, -7 - 1} is not a set ideal of S over the 
subsemigroup Si of S. 

Thus we can have complex set ideal topological space over 
a subsemigroup Si c (C, x), we have also associated with the 
complex set ideal topological space a complex set ideal lattice 
of infinite order. 

Likewise we have (Z u 1) to contribute to integer 
neutrosophic topological space of set ideals over subsemigroups 
Si = {0, 1, -1} or S 2 = {0, 1, -1} or S 3 = {0, + 1, + 1} of the 
semigroup S = {(Z u 1), x}. This integer neutrosophic 
topological space of set ideals can also be given the lattice 
structure of infinite order relative to every one of these 
subsemigroups Si, i = 1, 2, 3. 

Using S = {(Q u I), x) as a semigroup we can define 
rational number integer topological space of set ideals of S 
relative to the subsemigroup Si, S 2 or S 3 of S mentioned earlier. 
These neutrosophic topological set ideals have a lattice 
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associated with it. Infact this lattice as well as the neutrosophic 
topological space associated with it are bigger than the ones 
associated with {(Z u I), x}. Suppose instead of (Q u I) in S 
use ((R u I), x) we get for the same three subsemigroups Si, S 2 , 
S 3 three neutrosophic set ideal topological spaces of S = ((R u 
I), x) over the subsemigroups. These topological spaces contain 
the topological spaces built using (Z u I) and (Q u I). Finally if 
(R u I) is replaced by (C u I) in S that is S = {(C u I), x} is the 
semigroup. Si, S 2 and S 3 are subsemigroups of S. We get three 
sets of set ideal topological spaces of S = {(C u I), x} relative 
to the three subsemigroup Si, S 2 and S 3 . These set ideal 
topological spaces contain the set ideal topological space related 
to the semigroups «Z u I), x), ((Q u I), x) and «R u I), x). 

We can also have finite neutrosophic modulo integer set 
ideal topological spaces. 

Example 3.64 : Let S = {<Zi 2 u I), x} be a finite semigroup. 
Si = {0, 1, 1} c S be a subsemigroup of S. Suppose T = {all 
neutrosophic set ideals of S over the subsemigroup Si c S}; be 
the neutrosophic set ideal topological space of S over the 
subsemigroup Si of S. 

T also has a lattice associated with it. 

Example 3.65: Let S = {<Z 4 u I), x} be the neutrosophic 

semigroup. Take Si = {0, 1, 3} c S to be a subsemigroup of S. 

Consider T = {collection of all neutrosophic set ideals of S 
over the subsemigroup Si of S}. {0} e T is the least element of 
T. {0, 2} e T, {0, 21} c T and {0, 2, 21} e T. 

S = {0, 1, 2, 3, 1, 21, 31, 1+1, 2+1, 3+1, 1+21, 2+21, 2+31, 3+1, 
3+21, 3+31} be the semigroup under x. 

T = {{0}, {0, 2}, {0, 21}, {0, 2, 21}, {0, 1, 31}, {0, 2, I, 31}, 
{0, 2, 21, 1, 31}, {2+21, 0} and so on}. 




68 | Set Ideal Topological Spaces 



Thus T the neutrosophic set ideal topological space of the 
semigroup S over the subsemigroup Si = {0, 1, 3} cr S. 

The lattice of neutrosophic set ideal topological space of T 
is of finite order. 

Thus we can get neutrosophic finite set ideal topological 
space over any one of the subsemigroups Si of S. 

Example 3.66: Let S = {<Z 5 u 1)} be a neutrosophic 

semigroup. Si = {41, 1, 0} c S be a subsemigroup of S. Let T = 
{collection of all set ideals of S over the subsemigroup Si of S}. 
T is a neutrosophic set ideal topological space of S over the 
subsemigroup Si of S. 

Example 3.67: Let S = {(C(Z 3 ) u 1)} be the neutrosophic 

complex modulo integer semigroup. Let Si = {0, 1, 2} c S be a 
subsemigroup. T = {collection of all set ideals of S over the 
subsemigroup Si of S}; T is a finite neutrosophic set ideal 
topological space of S over the subsemigroup Si of S. 

Example 3.68: Let M = {<C(Z !0 ) u 1)} be the neutrosophic 
complex modulo integer semigroup. Take Si = {0, 5, 51} c M 
to be a subsemigroup of M. 

T = {set of all set ideals of M relative to the subsemigroup 
Si of M} is a neutrosophic complex modulo integer topological 
set ideal space of M over the subsemigroup Si of M of finite 
order. 

T is also a lattice with {0} as the minimal element and 
[Jb ( ; Bj e T is a maximal element. Now we can instead of 

i 

working with finite complex numbers C(Z n ) or finite 
neutrosophic complex numbers (C(Z n ) u I) as semigroups we 
can work with them as rings using appropriate subrings. 

This will be described and illustrated in the following. Let 
Z or Q or R or C be a ring. Consider a subring in them say 
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Si ={nZ} = {0, + n, ± 2n, ..., go} c Z (or Q or R or C) is a 
subring. Now find T the collection of set ideals of the ring Z (or 
Q or R or C) related to this subring Si of Z we are not in a 
position to define topology on T. Though {0} is a set ideal 
in T. 

X = [JXj ; X; s T is a set ideal in T relative to Si; that is 

the union of any family T itself is a set ideal relative to Si. 
Intersection of any pair is a set ideal is a set ideal relative to Si. 
Thus T cannot be topologised with a set ideal topology relative 
to the subring Si of Z (or R or Q or C) as we do not have a basic 
set which can generate T; we call T to be a pseudo set ideal 
topological space of the ring Z (or R or Q or C) relative (over 
the subring) Si of Z (or R or Q or C). 

We will illustrate this situation by some examples. 

Of course we demand for every X; in T; S; c X,. 

Example 3.69: Let Z be the ring of integers. Si = {2Z} = {0, ± 
2, + 4, ± 6, ..., go} be the subring of Z. T = {all set ideal of Z 
relative to the subring Si of Z}. 

Here the minimal elements are assumed as m;Z; ny a very 
large integer, as Z has no minimal ideals and we have a pseudo 
topology defined on T over the subring Si of Z. T is a set ideal 
pseudo topological space of Z over the subring Si of Z. Infact T 
cannot be given the lattice structure where the minimal elements 
cannot be pronounced as Z has no minimal ideals; of course the 
least or minimal element of T is {0} and Z is the greatest 
element, so only we name it as a pseudo topological space. 

Now we can define set ideal topological space of the ring Z n 
(n < go) over a subring Si of Z n in a similar way. These are not 
pseudo set ideal topological spaces. 



We give some examples of them. 
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Example 3.70: Let R = {Z 6 , x, +} be the ring. Si = {0, 3} c R 
is a subring of S. The set ideals T of R relative to the subring Si 
are as follows T = {{0}, {0, 2}, {0, 4}, {0, 2, 4}}. Now T is a 
set ideal topological space of the ring Z 6 over the subring Si of 
Z 6 . 

The lattice representation of T is as follows: 



{0,4,2} 




{0} 



Now if we in our definition of set ideals include 3 also as a 
subset of Z 6 which can contribute to set ideals then we have 
{0, 3} e Ti (Ti is the new collection of set ideals of Z 6 over the 
subring Si; that this collection can contain {0, 3} as a subset 
also). 

Thus Ti = {{0}, {0, 2}, {0, 4}, {0, 3}, {0, 2, 3}, {0, 4, 3}, 
{0, 2, 4} {0, 4, 2, 3}, {0, 1, 2, 3}, {0, 1, 4, 3}, {0, 1, 2, 3, 4}, {0, 
5, 3}, {0, 5, 2, 3}, {0, 5, 4, 3}, {0, 5, 4, 2, 3}, {0, 1, 5, 2, 3}, {0, 
1,5, 3, 4}, {0, 1,5, 2, 4, 3} = Z 6 }. 

Thus Ti is a set ideal topological space of Z 6 relative to the 
subring {0, 3}. 

Clearly TcTj. 

We can have lattice representation for both and the lattice 
related with T is contained in the lattice related with Ti. We can 
use S 2 = {0, 1, 5} c Z 6 as a subsemigroup and get yet two other 
topological spaces different from Ti and T 2 . Let Pi = 
{collection of all set ideals of Z 6 relative to the subsemigroup 
S 2 } = {{0}, {0, 2}, {0, 4}, {0, 4, 2}, {0, 5}, {0, 2, 5}, {0, 4, 5}, 
{0, 4, 2, 5}, {0, 3}, {0, 3, 5}, {0, 3, 2}, {0, 3, 4}, {0, 3, 4, 2}, 
{0,3, 2, 5}, {0,3, 4, 5}, {0,3,4, 2,5}}. 
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We see Pi is a set ideal topological space of Z 6 relative to 
the subsemigroup S 2 of Z 6 . We can also get the lattice related 
with the set ideal topological space of the semigroup Z 6 relative 
to the subsemigroup S 2 of Z 6 . 

Next we proceed onto define several types of set ideal 
topological spaces like Smarandache set ideal topological 
spaces of the ring R, over a subring S of R, Smarandache quasi 
set ideal topological space of a ring over a subring of R. 

Smarandache strongly quasi set ideal topological space of 
the ring R over the subrings Si and S 2 of R, Smarandache 
perfect set ideal topological space of a ring R, Smarandache 
simple perfect set ideal topological ring, Smarandache prime set 
ideal topological space of the ring R and prime set ideal 
topological space over the subring S of R. 

We also have all these structures in case of semigroups. 

We will define and illustrate them with examples. 

DEFINITION 3.8: Let S be a semigroup. Sj be a subsemigroup 
ofS. P crS be a prime set ideal of S over Si. Let T - {collection 
of all prime set ideals of S over Si}; T is a topological space of 
set ideals over the subsemigroup S 1 of the semigroup S. We 
define T to be a prime set ideal topological space of S over the 
subsemigroup Si ofS. 

Example 3.71: Let S = Z n be the semigroup under x. Let 
{0, 1, 11} = Si be a subsemigroup of S. Take Pi = {0, 3, 9} c S; 
Pi is a prime set ideal of S over Si we call singletons other than 
( 0 ) as trivially prime set ideals. P 2 = { 0 , 2 , 10 } is a prime set 
ideal of S over Si. P 3 = {0, 3, 9, 6 } is again a prime set ideal of 
S over Si. P 4 = {0, 2, 10, 6 } c S is also a prime set ideal of S 
over Si. Now P 5 = {0, 3, 9, 2, 10} c S is also a prime set ideal 
of S over Si. Finally P 6 = {0, 3, 9, 2, 10, 6 } c S is also a prime 
set ideal of S over Si and so on. 




72 | Set Ideal Topological Spaces 



Thus {{0}, Pi, P2, P6, ...} form a prime set ideal 

topological space of S over the subsemigroup Si of S of finite 
order. 

Example 3.72: Let S = Zi 0 be the semigroup under product. 
Si = {0, 1, 9} be a subsemigroup of S. 

Po = {0}, Pi = {0, 5}, P 2 = {0, 2, 8 }, P 3 = {0, 3, 7}, 
P 4 = {0, 2, 8 , 4, 6 }, P 5 = {0, 3, 7, 5}, P 6 = {0, 2, 8 , 3, 7}, 
P 7 = {0, 2, 8 , 5}, P 8 = {0, 2, 8 , 4, 6 , 5} and 
P 9 = {0, 2, 3, 4, 5, 6 , 7, 8 } be subsets of S. 

Thus T = {P 0 , Pi, P 2 , ..., P9} is a prime set ideal topological 
space of S over the subsemigroup Si of S. 

The lattice (T, u, n) is as follows: 



P 9 




Clearly T is not a Boolean algebra. However {Pi, P 2 , P 3 , 
P 4 } acts as the basic set of the topological space T. 

Example 3.73: Let S = Z 8 = {0, 1, 2, ..., 7} be the semigroup 
under product. Si = {0, 1, 7} be the subsemigroup of S. 
T = {P 0 = {0}, Pi = {0, 3, 5}, P 2 = {0, 2, 6}, P 3 = {0, 2, 6, 4}, 
P 4 = {0, 2, 6, 3, 5}, P 5 = {0, 3, 5, 2, 6, 4}} be a topological 
prime set ideal space of the semigroup over the subsemigroup 
Si of S. 
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Example 3.74: Let S = Z 9 = {0, 1,2, ...,8} be the semigroup. 

Si = {0, 1, 8} be the subsemigroup of S. T = {P 0 = {0}, Pi = {0, 

2, 4, 6}, P 2 = {0, 2, 4}, P 3 = {0, 2, 6}, P 4 = {2, 7, 0}, P 5 = {0, 2, 

6, 7}, P6 = {0, 2, 4, 7}, ...} be the prime set ideal topological 
space of S over Si of finite order. 

These are different from the usual set ideal topological 
spaces of semigroups over the subsemigroup Si of S. 

THEOREM 3.10: Let S be a semigroup. S t a subsemigroup of S. 

T = { collection of all set prime ideals of S over the 
subsemigroup Si}; be the set prime ideal topological space of S 
over the subsemigroup Si of S. T is a set ideal topological space 
of S over the subsemigroup 5; of S. Conversely if T is a set 
ideal topological space of S over the subsemigroup Si of S then 
T in general is not a set prime ideal topological space of S over 
the subsemigroup Si of S. 

Proof: One way is true by the very definition. To prove the 
other claim we can only give examples. 

Consider S = Z 6 the semigroup under product. 

Si = {0, 3, 1} be the subsemigroup of S. Take T = {(0), {0, 4}, 

{0, 2}, {0, 4, 2}, {0, 3, 5}, {0, 4, 3, 5}, {0, 2, 3, 5}, {0, 4, 2, 3, 

5}}, the topological space of set ideals of S over the 
subsemigroup Si of S. 

The lattice associated with T is as follows: 

{0, 2, 3, 4, 5} 




{ 0 } 
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Clearly T is not a prime set ideal topological space of S over Si. 
Hence the theorem. 

Next if we take a ring we can also have a prime set ideal 
topological space of the ring over a subring. The definition of 
this concept is similar to that of semigroups. So we only 
illustrate this situation by an example. 

Example 3.75: Let S = Z 6 be a ring. Si = {0, 3} is a subring of 
Z 6 . Let T = {{0}, {0, 2, 4}, {0, 2}} be the set prime ideal 
topological space of Z 6 over the subring Si of Z 6 . 

The lattice associated with T is as follows: 

" {0,2,4! 

" {0,2} 

" { 0 } 

Now take M = {0, 2, 4} cr Z 6 the subring of Z 6 . 
Ti = {{0}, {0, 3}} is the prime set ideal topological space of Z 6 
over the subring M of S associated with Ti. The lattice of Ti is 
as follows: 



T {0,3} 

1 { 0 } 



Now take Pi = {{0}, {0, 2}, {0, 4}, {0, 4, 2}} to be the set 
ideal topological space of Z 6 over the subring Si = {0, 3}. The 
lattice associated with Pi is as follows: 



{0,4,2} 



{0,4} 




{0,2} 



{ 0 } 
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The lattice is a Boolean algebra of order four where as the 
lattice of prime set ideal topological space over the same 
subring {0, 3} is only a distributive lattice or a chain lattice of 
order three. Thus it is to be noted the lattice associated with the 
prime set ideal topological space in general is not a Boolean 
algebra. 

Now we proceed onto define Smarandache set ideal 
topological space of a ring (or a semigroup) over a subring (or a 
subsemigroup). 

DEFINITION 3.9: Let S be a semigroup. Si be a subsemigroup 
of S. T - {all set ideals P of S over the subsemigroup .S’/ such 
that Si ct P j; T is a defined as the Smaradache set ideal 
topological space of the semigroup S over ( relative ) to the 
subsemigroup Si of S. 

We can replace the semigroups by rings and in that case we 
call the set ideal topological space as Smarandache set ideal 
topological space of the ring over the subring of the ring. 

We will illustrate both the situations by some examples. 

Example 3.76: Let S = {0, 1,2, ..., 11} = Z [2 be the semigroup 
under product. Let S| = {0, 6} c S be a subsemigroup of S. 
T = {{0, 6}, {0, 2, 6}, {0, 4, 6}, {0, 3, 6}, {0, 5, 6}, {0, 7, 6}, 
{0, 8,6}, {0, 9,6}, {0, 10,6}, {0, 6, 11}, {0, 1,6}, {0, 6, 2,4}, 
..., Z 12 } be the topological space of Smarandache set ideals of 
Z )2 over the subsemigroup Si = {0, 6}. 

Now consider Ti = {{0}, {0, 2}, {0, 4}, {0, 8}, {0, 10}, {0, 
2, 4}, ..., {0, 2, 4, 8, 10}}. Ti is a set ideal topological space of 
Z 12 over the subsemigroup Si = {0, 6} of Z [2 . 

We have the following interesting theorem; the proof of 
which is left as an exercise to the reader. 
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THEOREM 3.11: Let S be a semigroup. Si a subsemigroup of S. 
T = {collection of all Smarandache set ideals of S over the 
subsemigroup Si of SJ, be the Smarandache set ideal 
topological space of S over Si. IfTiis the set ideal topological 
space of S over the same subsemigroup Si of S. Then Ti in 
general is not a S-set ideal topological space of S over Si. 
Further T is always a set ideal topological space ofS over Si. 

Next we prove we have a class of Smarandache set ideal 
topological space of S over a subsemigroup Si cr S. 

THEOREM 3.12: Let S = Zip (p a prime or otherwise) be a 
subsemigroup of S. .S’ / = { 0, p } cy S is a subsemigroup of S. 
T = {{ 0 , pi, {0, p, lj, {0, p, 2}, ..., {0, p, 2p-lj .... Z 2p ! is a 
Smarandache set ideal topological space of S over the 
subsemigroup Si of S. 

The proof is straight forward, hence left as an exercise to 
the reader. 

Example 3.77: Let S = Z 12 be the ring of modulo integers. 
Si = {0, 6} be the subring of S. T = {{0, 6}, {0, 2, 6}, ..., {0, 
11, 6}, {0, 1, 6}, ..., Z J2 } be the Smarandache set ideal 
topological space of the ring Z [2 over the subring {0, 6} = Si. It 
is to be noted the Smarandache set ideal topological space of Z [2 
as a ring or as a semigroup over the subring {0, 6} is the same 
as over the subsemigroup {0, 6} when S is considered as a 
semigroup. 

Inview of this we have the following theorem, the proof of 
which is left as an exercise to the reader. 

THEOREM 3.13: Let S = Z 2p be the ring of integers modulo 2p 
(1 < p < 00 ). Then Si = {0, p) be the subring of S. T = {{0, pj, 
{0, 1, pj, {0, 2, pj, ..., Z 2p } is the Smarandache set ideal 
topological space of Z 2p over Si the subring. 

The above theorem has been proved for Z 2p as a semigroup. 
Infact we see Z 2p has the same topological S-set ideals as a 
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semigroup or as a ring. This is the interesting feature enjoyed 
by them. 

Example 3.78: Let S = Z 7 be the semigroup. Si = {0, 1, 6} be 
the subsemigroup of S. T= {{0, 1, 6}, {0, 2, 5, 1, 6}, {0, 3, 4, 
1,6}, {0, 3, 4, 5, 2, 1, 6} = Z 7 } is the Smarandache set ideal 
topological space of S over the subsemigroup Si = {0, 1, 6}. 



The lattice of S-set ideals is as follows: 




Clearly Z 7 is a ring which has no subrings. 



THEOREM 3.14: Z p (p a prime) has no subrings hence no set 
ideals so no S-set ideals. 



The proof is left as an exercise to the reader. 

Next we proceed onto define the notion of Smarandache 
quasi set ideal topological space of a ring (semigroup) over a 
subring (subsemigroup of the semigroup) of the ring. 

DEFINITION 3.10: Let R be a ring (S a semigroup), Rj a 

subring of R (Si a subsemigroup of S). T = {collection of all set 
ideals P of R over the subring Ri of R such that each P contains 
a M, M a subring of R (or P is a set ideal of S over the 
subsemigroup Si of S such that each P contains a subsemigroup 
Ni of S)J; T is defined as the Smarandache quasi set ideal 
topological space of the ring (semigroup) over a subring (or 
over the subsemigroup). 

We will illustrate this situation by some examples. 

Example 3.79: Let S = Z u be a semigroup under x. 
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Si = {0, 6 } be a subsemigroup of S. Let N = {0, 1, 1 1} be a 
sub semigroup of S. T = {{0, 6 } = Po, Pi = {0, 5, 7, 6 }, 
{0, 2, 10, 6} = P 2 , P 3 = {0, 3, 9, 6}, P 4 = {0, 4, 8, 6}, {0, 5, 7, 6, 
2, 10} = P 5 , {0, 5, 7, 6, 3, 9} = P 6 , P 8 = {0, 5, 7, 6, 4, 8}, {0, 2, 
10, 6, 3, 9} = P 7 , P 9 = {0, 2, 10, 6, 4, 8}, Pi„ = {0, 3, 9, 4, 8, 6} 
Pn = {0, 6, 5, 7, 4, 2, 8, 10}, P 12 = {0, 6, 5, 7, 2, 10, 3, 9}, 
P 13 = {0, 6 , 2, 10, 3, 9, 4, 8} P 14 = {0, 6 , 5, 7, 4, 8, 3, 9}, 
P 15 = {0, 6 , 5, 7, 4, 8, 3, 9, 2, 10}} is a Smarandache quasi set 
ideal topological space of the semigroup S = Z )2 over the 
subsemigroup N = {0, 1, 11}. Now T has the following 
associated lattice which is a Boolean algebra of order 16. 



{0,2,3,4,5,6,7,8,9,10} 




{0,6}=P 0 



Example 3.80: Let S = Z 12 be the ring. Si = {0, 4, 8} is a 
subring of S. S 2 = {0, 6} is a subring of S. 



Let T = {Po = {0, 6}, P! = {0, 3, 6}, P 2 = {0, 9, 6}, P 4 = {0, 
3, 6, 9}} be the Smarandache quasi set ideal topological space 
of the ring Z i2 over the subring {0, 4, 8} = Si. The lattice 
associated with T is as follows: 
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{0,3, 6, 9} 



{0, 3,6} 




{0,9,6} 



{0,6} 



Clearly T is a Boolean algebra of order four. 

Now we proceed onto define Smarandache strongly quasi 
set ideal topological space of a ring (semigroup). 

DEFINITION 3.11: Let S be a ring (semigroup). Si and S2 be 
two subrings of S; Si ^ S 2, Si <Z S 2, S2 <Z Si (Si and S2 are 
subsemigroups of S; Si ^ S 2, Si <Z S 2 or S 2 czr S/). If T = 
{collection of all set ideals P of S such that P is a set ideal over 
both the subrings S 1 and S2 and S 1 czP and S 2 c: P (P is a set 
ideal over the subsemigroups Si and S 2 of S and Sj cr P and 
.S’ 2 cr P)j. T is defined as the Smarandache strongly quasi set 
ideal topological space of S over subrings Si and 5 ? 
(subsemigroups 5 / and S2) of S. 

We will give examples of this. 

Example 3.81: Let S = Z 12 be the semigroup Si = {0, 6} and 
S 2 = {0, 4} be two subsemigroups of S. Let T = {collection of 
all Smarandache strongly quasi set ideals P of S over the 
subsemigroups Si and S 2 such that Si cP and S 2 c P} = {P 0 = 
{0, 4, 6}, Pi = {0, 4, 6, 3}, P 2 = {0, 4, 6, 8}, P 3 = {0, 4, 6, 9}, 
{0, 4, 6, 10} = P 4 , P 5 = {0, 4, 6, 1}, P 6 = {0, 4, 6, 7}, P 7 = {0, 4, 
6, 3, 8}, P 8 = {0, 4, 6, 3, 9}, P 9 = {0, 4, 6, 3, 10}, P 10 = {0, 4, 6, 
3, 1}, P„ = {0, 4, 6, 7, 3}, Pi 2 = {0, 4, 6, 8, 5}, P 13 = {0, 4, 6, 8, 
11}, P 14 = {0, 4, 6, 3, 8, 9}, ..., {0, 1, 2, 3, ..., 11} =Zj 2 }. 

Example 3.82: Let R = Z 15 be the ring of modulo integers. 
S = {0, 5, 10} and Si = {0, 3, 6 , 9, 12} be two subrings of R. 
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Let M = {{0, 5, 10, 3, 6 , 9, 12} = P 0 , {0, 5, 10, 3, 6 , 9, 12, 
1} = Pi, P 2 = {0, 5, 10, 3, 6 , 9, 12 , 2 }, P 3 = {0, 5, 10, 3, 6 , 9, 12 , 
4}, P 4 = {0, 5, 10, 3, 6 , 9, 12, 7}, P 5 = {0, 5, 10, 3, 6 , 9, 12, 8 }, 
P 6 = {0, 5, 10, 3, 6 , 9, 12, 11}, P 7 = {0, 5, 10, 3, 6 , 9, 12, 13}, 
Pg = {0, 5, 10, 6 , 3, 9, 12, 14}, ..., Zi 5 } be a Smarandache 
strongly quasi set ideal topological space of the ring R = Zi 5 
over the subrings S and Si. 

We also have the associated lattice to be a lattice with 
Po = {0, 5, 10, 3, 9, 6 , 12} as the least element and {Pi, P 2 , P 3 , 
..., Pg} as atoms. 

On similar lines we can define Smarandache perfect set 
ideal topological space of ring (semigroups) over the subrings 
(or subsemigroups). This task is left as an exercise to the reader. 

We suggest the following problems. 

Problems: 



1. Find a set ideal of the semigroup 
( a b A 



S = 



c d 



a, b, c, d e Z 2 = {0, 1}}. 



Find a Smarandache set ideal of the semigroup 
(fa bV 

S = s a, b, d e Z 3 = {0, 1, 2}}. 

V° d) 



3. Find a S-quasi set ideal of the semigroup 

(fa bV 

S= \ a, b, c, d g Z 3 = {0, 1,2}}. 

V c d) 



4. Is S given in problem (3) a S-perfect quasi set ideal 
semigroup? 
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5. Can S = Z 2 x Z 3 x Z 5 under component wise 
multiplication be a S-perfect quasi set ideal semigroup? 

6 . S(3) be the symmetric semigroup. Is S(3) a 
S-simple perfect ideal set semigroup? 

7. Does the symmetric semigroup S(5) have 

(i) S-set ideal. 

(ii) Set ideal. 

(iii) S-quasi set ideal. 

8 . S(n) be the symmetric semigroup; n not a prime. Is S(n) a 
S-perfect quasi set ideal semigroup? 

9. Find for the semigroup Z 12 4 under multiplication modulo 
124. 

(i) S-set ideal. 

(ii) S-quasi set ideal. 

(iii) Set ideal. 

10. Can Z 19 be a S-quasi perfect set ideal semigroup? 

1 1 . Obtain some interesting properties about S-perfect quasi 
set ideal semigroup. 

12. Determine the special properties enjoyed by S-simple 
perfect quasi set ideal semigroups. 

13. Let Z 2 4 be the semigroup under product. 

(i) Find how many set ideals of Z 24 exists. 

(ii) Does all subsemigroups of Z 24 contribute to set 
ideals of Z 24 ? 

(iii) Does Z 24 contain a proper subset other than {0} so 
that subset is a set ideal of Z 24 for all subsemigroups 
of Z 24 ? 

14. Obtain any other special property associated with set 
ideals of a semigroup S defined over a subsemigroup Si 
of S. 
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15. Find all the set ideals of Z 19 using all subsemigroup of Z i9 
under product? 

16. Show Z p , p a prime, the semigroup under product modulo 
p has set ideals over subsemigroups of Z p . 

17. Find all the subsemigroups of Z 29 under x. 

18. Let S = Z 48 be the semigroup, find all set ideals of Z 48 . 

(i) Does there exist atleast a set ideal of Z 48 associated 
with every subsemigroup of Z 48 ? 

(ii) Flow many set ideals exist for the subsemigroup 
Si = {0, 12,24, 36}? 

(iii) Find all the set ideals of Z 48 associated with the 
subsemigroup S 2 = {0, 3, 6, ..., 45} cS = Z 48 . 

19. Let S = Z 7 x Z 6 be a semigroup under product. 

(i) Find all subsemigroups of S. 

(ii) Flow many set ideals of S exist for the subsemigroup 

5 1 = {0,l,6)x{0,l,5}? 

(iii) Does there exist set ideals of S for the subsemigroup 

5 2 = {0, 2, 4, 1} x {0, 1, 3} cr S? 

20. Find the set ideals associated with S(7), the symmetric 
semigroup of degree seven. 

21. Let S = {Z, x} be the semigroup Si = {2Z + u {0}} c She 
the subsemigroup of S. 

(i) Find P = {all set ideals of S relative to the 
subsemigroup Si}. 

(ii) Is P a set ideal topological space relative to the 
subsemigroup Si? 

(iii) If Si is replaced by S p = {pZ + u {0} c S (p > 2) find 
all set ideals of S relative to S p , the subsemigroup 

of S. 

22. Find some interesting properties associated with S-quasi 
set ideals of a semigroup S over a subsemigroup Si of S. 
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23. Let S = Z 28 be the semigroup under product. Can S have 
S-quasi set ideals over some subsemigroup Si of S? 

24. Let S = Z 47 be a semigroup under product. 

(i) Can S have S perfect quasi set ideals? 

(ii) Can S have set ideals? 

(iii) Find the collection of set ideals of Z 47 over the 
subsemigroup Si = {0, 1, 4, 6} cr S. 

25. Can Z 4 contain S-perfect quasi set ideals? 

26. Can Z 9 contain S-perfect quasi set ideals? 

27. Find S-perfect quasi set ideals of Z 40 . 

28. Can Z 62 s have S-perfect quasi set ideals? 

(i) Find all set ideals of Z 625 . 

29. Can Z 186 have set ideals which are not quasi set ideals? 

30. Discuss some interesting features enjoyed by set ideals 
relative to subsemigroups of a semigroup S. 

31. Find for the semigroup S = Z 13 set ideally related 
subsemigroups. 

32. Does there exists a semigroup S which has no 
subsemigroups which are set ideally related? 

33. Does S(5) have subsemigroups which are set ideally 
related? 

34. Discuss the special properties enjoyed by strong set ideals 
of a semigroup defined over a group. 

35. Can S = Z 28 have strong set ideals of a semigroup defined 
over a group GcS? 
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36. Find all the groups of Z i2 . 

Can a subset P cr Z !2 be both a set ideal over a 
subsemigroup Si as well as a strong set ideal over a group 
GcZ ] 2 , where Si is not a S-subsemigroup? 

37. Find all the groups of S = Z 23 , the semigroup under x. 

(i) Flow many strong set ideals exists in S? 

(ii) Flow many subsemigroups are in S? 

(iii) Flow many S-subsemigroups are in S? 

38. Find all strong set ideals of the semigroup S = Z 43 . 

39. Prove every Z n has a subgroup n > 3 {(Z n? x ) 3- 
semigroup}. 

40. Obtain some special features enjoyed by special strong set 
ideals. 

Show by an example the difference between these two 
structures, set ideals and special strong set ideals. 

41. Let S = Z n (n large) be a semigroup under product. Let 
G = {1, n-1} be a group. Does there exist a P c S so that 
P is a strong special set ideal of S over G? 

42. Obtain some special features enjoyed by two way 
subsemigroup ideal of a semigroup S. 

43. Give an example of a two way subsemigroup ideal of a 
semigroup. 

44. Can the semigroup S = Z 47 have a two way subsemigroup 
ideal? 

45. Can S = Z p (p a prime) the semigroup under x have two 
way subsemigroup ideal? 

46. Find all two way subsemigroup ideals of Z 36 . 

47. Find all two way subsemigroup ideals of Z 49 . 
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48. Does there exist a semigroup which has no two way 
subsemigroup ideals? 

49. Can S(6) have two way subsemigroup ideals? 

50. Give some special features enjoyed by group- 
subsemigroup ideal of semigroups. 

51. Does S(5) have group-subsemigroup ideals? 

52. Does Z 53 contain group-subsemigroup ideal? 

53. Can Z 12 8 have group-subsemigroup ideals? 

54. Find all group-subsemigroup ideals of Z 12 o. 

55. Derive some interesting properties enjoyed by 
subsemigroup-group ideals of a semigroup S. 

56. What is the difference between a subsemigroup-group 
ideals of a semigroup and group-subsemigroup ideals of 
the semigroup S? 

57. Can a semigroup S have both group-subsemigroup ideal 
as well as subsemigroup-group ideal? 

58. Find group- subsemigroup and subsemigroup-group ideal 
of a semigroup S = Z 42 o. 

59. Can S(3) have both group-subsemigroup ideals and 
subsemigroup-group ideals? 

60. Characterize those semigroups Z n which has both group- 
subsemigroup ideals and subsemigroup-group ideals? 

61. Characterize / does there exists semigroups S which has 
only group-subsemigroup ideals and does not have 
subsemigroup-group ideals? 
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62. Enumerate the special features enjoyed by group-group 
ideals of a semigroup S. 

63. Give examples of group-group ideals of a semigroup S. 

64. Find group-group ideals of the semigroup S(9). 

65. Can Z 56 have group-group ideals? 

66. Can Z 72 have group-group ideals? 

67. Can Z 59 have group-group ideals? 

68. Does there exists a semigroup which has no group-group 
ideals? 

69. Give an example of a S- subsemigroup-group ideal of a 
semigroup S. 

70. Does Z 2 o have S- subsemigroup-group ideal? 

71. Does there exists a semigroup S which has 

S-subsemigroup-group ideal and does not contain group- 
S-subsemigroup ideal? 

72. Does there exist semigroups which contain both group 
S-subsemigroups and S- subsemigroup-group ideals? 

73. Does a semigroup S which contain both 

S- subsemigroup-group ideals and group-S- subsemigroup 
ideals enjoy any other special property? 

74. Give an example of a semigroup which has minimal set 
ideal and maximal set ideal defined over a subsemigroup 
to be the same. 

75. Can S = Z 48 o have minimal set ideals over subsemigroup 
S,cS? 
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(i) Which of the subsemigroups of S contribute to 
minimal set ideals? 

(ii) Which of the subsemigroups of S contribute to 
maximal set ideals? 

(iii) Does S contain subsemigroup which contribute only 
to set ideals which are neither maximal nor 
minimal? 

(iv) Study questions (i) to (iii) in case the semigroup 
S = Z n . 

76. Let S = S( 10) be the semigroup. 

(i) Find all minimal set ideals of S over subsemigroup 
of S. 

(ii) Does S contain maximal set ideals over 
subsemigroups of S? 

(iii) Find group-group set ideals of S(10). 

(iv) Can S(10) have group-S- subsemigroup set ideals? 

(v) Can S(10) have subsemigroup-group set ideals? 

(vi) Can S(10) have two way related set ideals over 
subsemigroups of S(10)? 

(vii) Study questions (1) to (vi) in case of the semigroup 
S(n) (n an integer). 

77. Find the lattice of set ideals of S = Z 4 i 6 over a fixed 
subsemigroup Si. Is that lattice a Boolean algebra? 

78. Will the lattice of set ideals over a fixed subsemigroup Si 
of a semigroup S be always a Boolean algebra? 

79. Let S = Z 45 . Let Si be a S- subsemigroup of S. 

(i) Find the lattice of set ideals of S relative to the 
S- subsemigroup over S], 

(ii) Find the lattice of set ideals of S relative to a 
subsemigroup S 2 of S where S 2 is not a 

S- subsemigroup. 

80. Will the collection of set ideals of a semigroup S over the 
same subsemigroup Si; Si c S will always be a lattice? 
Justify! 
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81. Find the lattice L of set ideals of S = Z 73 over the 
subsemigroup Si = {1, 72}. 

(i) What is the order of L? 

(ii) Is L a Boolean algebra? 

(iii) If Si is replaced by some other subsemigroup 
S 3 will the order be the same? 

82. Obtain some special features enjoyed by the lattice of set 
ideals of a semigroup S. 

83. Find the lattice of set ideals of S( 1 0) where Si is the 
subsemigroup given by 
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84. Is the lattice of set ideals of (Z, x) for the subsemigroup 
Si = {0, -1, 1} a Boolean lattice? 

85. Find the structure of the lattice of set ideals of (Q, x) for 
the subsemigroup: 

(i) Si = {0, 1,-1}. 

(ii) For the subsemigroup S 2 = {3Z}. 

(iii) For the subsemigroup S 3 = {3Z + u {0}}. 

(iv) For the subsemigroup S 4 = {10Z + u {0}}. 

86. Sketch the lattice of set ideals of Z 243 for the 
subsemigroup Si = {0, 1, 242}. 

87. Describe the lattice of set ideals of (R, x) for the 
subsemigroup : 

(i) Si = {Q,x}. 

(ii) S 2 ={Z,x}. 




(iii) S 3 = 
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88. Let S = (C, x) be the semigroup. Find the lattice of set 
ideals of S for the subsemigroup; 

(i) S, = {1,-1, 

(ii) S 2 = {1, -1, 0, i, -i}. 

(hi) S 3 = (Z, x). 

(iv) S 4 = (Q, x). 

(v) S 5 = (R, x). 

(vi) S6 = {a + bi | a, b e Z} . 

89. Let S = C(Z 12 ) be the semigroup. 

(i) Find all subsemigroups in S. 

(ii) Find all groups in S. 

(iii) Find set ideals related with subsemigroups. 

(iv) Does S contain group-group set ideals? 

(v) Does S contain S-subsemigroup-group set ideals? 

(vi) Can S contain group-subsemigroup set ideals which 
are not group-S-subsemigroup set ideals? 

(vii) Study question (i) to (vi) in case C(Z n ); n-a prime, 
and n a composite number. 

90. Let S = C(Zii) be the semigroup under product. 

(i) Find groups in S. 

(ii) Find subsemigroup of S. 

(iii) Find S- subsemigroups of S. 

(iv) Find set ideals of S relative to S- subsemigroups. 

(v) Find group-semigroup set ideals of S. 

91. What is the special features of topological space of set 
ideals relative to a subsemigroup? 

92. Compare a general topological space with a set ideal 
topological space relative to a subsemigroup (Z, x) both 
defined on Q. 

93. Flow many different topological set ideal spaces can be 
built using (Z, x)? 
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94. Let S = <Z 9 u I) be a semigroup under x. 

(i) Find set ideals of S related to any subsemigroup 
Si of S. 

(ii) Flow many subsemigroup does S contain? 

(iii) Does S have group-group set ideals? 

(iv) Can S have S- subsemigroup set ideals? 

(v) Find all groups in S. 

(vi) Study questions (i) to (v) in case of (Z n u I), 
n a composite number. 

95. Study questions (i) to (v) in problem 94 in case of 
S = (Z„uI). 

96. Let S = (C(Z 5 ) u I) be a semigroup under product. 

(i) Find all subsemigroups of S. 

(ii) Find set ideals relative to every subsemigroup of S. 

(iii) Find all S- subsemigroups of S. 

(iv) Find all S-set ideals related to every 
S- subsemigroup of S. 

(v) Find all groups in S. 

(vi) Does S contain group-group set ideals? 

(vii) Does S contain group- S-semigroup set ideals? 

(viii) Does S contain semigroup-group set ideals? 

97. Study problem (96) in case of S = (C(Z P ) u I), p a prime. 

98. Let S = Z 4 x C(Z 6 ) x (Z 5 ul) = {(a, b, c) | a e Z 4 , b e 
C(Z 6 ), c e (Z 5 u I)} be a semigroup under product. 

(i) Find all subsemigroups of S. 

(ii) Find all groups of S. 

(iii) Find all S- subsemigroups of S. 

(iv) Find set ideals of S associated with every 
subsemigroup. 

(v) Find group-group set ideals of S. 

99. Let S = Zn x C(Z 8 ) x (C(Zi 0 ) u I) be the semigroup. 

(i) Find all subsemigroups of S. 

(ii) Find all S- subsemigroups of S. 

(iii) Find all groups in S. 
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(iv) Relative to every subsemigroup in S find set 
ideals of S. 

100. Let 

S = Z 7 x Z 12 x C(Z 15 ) x C (Z 16 ) x <Z„ u I) x <C(Z 20 ) u I) 
be a semigroup. 

(i) Find set ideals of S relative to any subsemigroup. 

(ii) If Si is any fixed subsemigroup of S find all set ideals 
of S over Si. 

(a) Is the collection of Boolean lattice? 

(b) Find the toplogical space of set ideals associated 
with it over the subsemigroup Si of S. 

(c) Find the lattice of set ideals over the subsemigroup 
Si of S and compare the topological space and the 
lattice of set ideals over Si of S. 



101. Let S = <C(Z 49 ) u I) be the semigroup under x. 

(i) Find all subsemigroups of S. 

(ii) Find all groups in S. 

(iii) For the subsemigroup Si = {0, 1, 1} find the set 
ideals and the lattice of set ideals associated 
with Si. 

(iv) Let S 2 = {0, 1, 1, i F , hi, 48, 481, 48h, 48Iip} be the 
subsemigroup of S. 
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(v) Find the collection of set ideals of S over S 2 . 

(vi) Find the lattice associated with the collection of set 
ideals. 

102. Study the properties (i) to (iv) mentioned in problem 101, 
for S = (C( Z p2 ) u I); p a prime. 

103. Derive some interesting properties related with maximal 
set ideal topological space of a semigroup S (or ring R). 

104. Find the maximal set ideal topological space of Z 120 as a 
semigroup as well as a ring. 

105. Let S = Z 42 be a semigroup under product. 

(i) Find the set ideal topological space of Z 42 over the 
subsemigroups 

(a) Sj = {0,1,41}. 

(b) S 2 = {0, 14,28}. 

(c) S 3 ={0,2, 4,..., 40}. 

106. Find all minimal set ideal topological spaces of the ring 

R = Z 2 io- 

107. Let S = Z 2 o be the semigroup. 

(i) Can S have a Smarandache quasi set ideal, 
topological space associated with it? 

(ii) Can S be associated with a Smarandache set ideal 
topological space for a suitable subsemigroup Si of S? 

108. Study problem (107) when S = Z 2 o is a ring. 




Chapter Four 



Nfcw Gasses of Set Ideal 
Topological Spaces and 
Applications 



In this chapter we for the first time introduce several new 
types of topological spaces; using grouprings, semigroup rings, 
dual number ring, special dual like number ring, special quasi 
dual number ring of both finite and infinite order. Also 
algebraic structures like matrices over these rings are used to 
construct new classes of set ideal topological spaces. We define 
these new classes of topological spaces of set ideals and 
illustrate them with examples. 

DEFINITION 4.1: Let Z be the ring of integers. S be a 

semigroup which is non commutative. ZS be the semigroup ring 
of the semigroup S over the ring Z. Let I be a subring of ZS. T 
= {collection of all set right ideals of ZS with respect to the 
subring I ofZS}. 
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We define T as a set right ideal topological space ofZS over 
the subring I ofZS. 

Similarly if V - {collection of all set left ideals of ZS with 
respect to the subring I of ZS}; we define V to be a set left 
topological space ofZS over the subring I ofZS. 

If ZS is commutative that is a commutative semigroup, the 
set right ideals coincides with set left ideals that is T = V over 
the subring I of S. 

It is important and interesting to note that we can replace Z 
in definition 4.1 by R, reals or Q, the rationals or Z n the modulo 
integers or C, the complex numbers or C(Z n ) the complex finite 
modulo integers or (Z u I) or (Q u I) or (R u I) or (C u I) or 
(Z n u I) or (C(Z n ) u I) the neutrosophic rings or by ring of dual 
numbers, or ring of special quasi dual numbers or ring of special 
dual like numbers and the definition will continue to be true. 



We will illustrate this situation by some examples. 

Example 4.1: Let S = S(3) be the symmetric semigroup and Z 
be the ring of integers. ZS the semigroup ring of S over Z. 



I = {a + bg | g 



"1 2 3 " 
v 2 1 3 y 



S(3)} c ZS is a subring 



of ZS. Let T = {collection of all right set ideals of ZS over the 
subring I}. T is a right set ideal topological space of ZS over the 
subring I of ZS. 

Example 4.2: Let S = {all 2x2 matrices with entries from Z } 
be the semigroup and Z 10 be the ring of integers. Z 10 S be the 
semigroup ring. Take any subring I of Zi 0 S; using I we can 
have a left set ideal topological space of Z 10 S over the subring I. 

It is to be noted that the same definition 4.1 holds good for 
any ring in particular to group rings of a group G over a ring R 
with unit. 
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Example 4.3: Let G = D 2.7 be the dihedral group of order 14. 
R = Z 3 the ring of integers modulo three. RG the group ring. 
Take 1 = {x + ya | x, y e Z 3 , a e D 2.7 = {a, b | a 2 = b 7 = 1 ba = 
ab 1 }} <= RG, the subring ofRG. 



Let T = {collection of all set right ideals of RG relative to 
the subring 1 of RG}; T is a set right ideal topological space of 
RG over 1. Clearly T is of finite order and T has an associated 
finite lattice. 



Example 4.4: Let 







" a l 


a 2 


a 3 2 


p= < 




a 4 


a 5 


a 6 






v a 6 


a 7 


a 8 y 



a; e Z 40 , 1 < i < 9} 



be the ring of 3 x 3 matrices under usual product of matrices. P 
is a non commutative ring with unit. 



Let 



a 



a. 



a. 



M = 



1 “2 

0 a 4 a 5 
0 0a 






a ; e {0, 2, 4, ..., 38} 1 < i < 6 } c P 



be a subring of P. Let T = {all 3x3 matrices which are right 
set ideals of P over the subring M}, T is a right set ideal 
topological space of P over the subring M of P. 

Example 4.5: Let R = Z 8 A 4 be the group ring of the group A 4 
over the ring Z 8 . 



Let S = {a + bg | a, b e {0, 2, 4, 6 } 



g = 



f\ 

v2 



2 

1 



3 

4 



4 n 

3, 



G A 4 } 
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be the subring of R. M = {collection of all set left ideals of R 
relative to the subring S of R}; M is a left set ideal topological 
space of R over S. 

It is important to mention here that we can construct 
infinitely many left and right set ideal topological spaces over 
subrings using grouprings or semigroup rings or square matrix 
rings finite or infinite order. 

Next we can using dual number rings, special dual like 
number rings, special quasi dual number rings and all types of 
mixed dual numbers get the set ideal topological spaces. 

Infact these rings can be replaced by semigroups and the 
corresponding set ideal topological spaces can be obtained. 

Infact these new topological space of set ideals may have 
several interesting properties. 

We will illustrate these concepts by some examples. 

Example 4.6: Let 

R = {a + bg | a, b e Z 45 ; g 2 = 0, g a new element} 
be the dual number ring. Let 

S = {a + bg | a, b e {0, 15, 30}; g the new element such that 
g 2 = g} } cRbea subring of R. 

T = {collection of all set ideals of R over the subring S of R}; T 
is set ideal topological space of dual numbers of R over the 
subring S. 

Example 4. 7: Let 

R = Z (g h g 2 ) = {a + bg, + cg 2 1 a, b, c e Z, g! = 4, g 2 = 8 g Z 16 } 
be the dual number ring of dimension three over Z. 

Let S = Z c R be the subring of R. T = {collection of all 
Smarandache set ideals of R over the subring Z or R} . T is a 
Smarandache set ideal topological space of R over the subring S 
of R. 
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Example 4.8 : Let S = (Z + u {0}) (gi, g 2 , g 3 ) = {a + bgi + cg 2 + 
dg 3 | a, b, c, d e Z + u {0}; gi = 8, g 2 = 16 and g 3 = 24; g, e Z 32 , 
1 < i < 3} be a four dimensional dual number semigroup. 

Let Si = Z + u {0} c S be a subsemigroup of S. 

T = {collection of all Smarandache set ideals of S relative to 
the subsemigroup Si of S}; T is a Smarandache set ideal dual 
number topological space of S over the subsemigroup Si. 

T = {P 0 = Z + u {0}, Pi = {a + bgi | a,beZ + u {0}, gi = 8} 
cS,P 2 ={a + bg 2 1 a, b e Z + u {0}, g 2 = 16} cS,P 3 ={a + bg 3 
| a, b e Z + u {0}; g 3 = 24} cS,P 4 ={a + bgi + cg 2 | a, b, c e 
Z + u {0}, g! = 8 and g 2 = 16} cS,P s ={a + bgi + cg 3 1 a, b, c e 
Z + u {0}, gi = 8 and g 3 = 24} cS,P 6 ={a + bg 2 + cg 3 | a, b, c e 
Z + u {0}, g 2 = 16, g 3 = 24} c S and P 7 = (Z + u {0}) (gi, g 2 , g 3 ) 
= S}. The lattice of Smarandache dual number set ideals of S 
over the subsemigroup Si is as follows: 



S 




Clearly the lattice is a Boolean algebra of S-dual number set 
ideals of the semigroup over the subsemigroup Si of S. 

Example 4.9: Let S = C(Z 2 ) (gi, g 2 ) = {(a + bi F ) + (c+di F )gi + 
(e+fi F ) g 2 | a, b, c, d, e, f e Z 2 , gi = 6 and g 2 = 12 e Z 36 } be the 
semigroup of dual number of dimension three under product. 
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S = {0, 1, g h g 2 , gi + g 2 , L, ifgi, iFg2, gi+ipgi, g2 + ipg2, 
g!+i F g 2 , 1+ gl+ g 2 , 1+ ip + gl + g2 + ipgl + lFg2}. 



Let Si = {C(Z 2 )gi} c S be the subsemigroup of S. 
T = {collection of all Smarandache set ideals of S over the 
subsemigroup Si of S}; T is a Smarandache set ideal three 
dimensional dual number topological space of S over the 
subsemigroup Si of S. 

If S is considered as a ring then Si is the subring of S and T 
is a Smarandache set ideal three dimensional dual number 
topological space of S over the subring Si of S. 

Example 4.10: Let S = {((C(Z 7 ) u I)) (g b g 2 , g 3 , gr) = a + bgi + 
cg 2 + dg 3 + eg 4 | a, b, c, d, e e <C(Z 7 ) u I); gj = 9, g 2 = 18, g 3 = 
27 and g 4 = 36 e Z 8 i } be the semigroup of five dimensional 
dual numbers. 

Let Si = {a + bgi + cg 2 | a, b, c e Z 7 , gi = 9 and g 2 = 18} c S be 
the subsemigroup of semigroup S. T = {collection of all 
Smarandache set ideals of S over the subsemigroup Si of S}. T 
is a Smarandache set ideal five dimensional dual number 
topological space of S over the subsemigroup Si of S. 

S is also a ring of dual numbers of dimension five with 
complex neutrosophic coefficients. Si is also a subring of 
dimension three with integer coefficients. 

Thus T is also a Smarandache set ideal five dimensional dual 
number topological space of the ring over the subring Si of S. 

We see T is both a topological space over rings as well as 
topological space over the semigroup. 

Example 4.11: Let S = {(Zi 2 u I) (gi, g 2 , g 3 ) | a + bgi + cg 2 + 
dg 3 where a, b, c, d e <Zi 2 u I), gi = 8, g 2 = 16 and g 3 = 24 e 
Z M } be a four dimensional neutrosophic ring (semigroup) of 
dual numbers. 
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Take Si = {a + bgj + cg 2 + dg 3 | a, b, c, d g <{0, 2, 4, 6, 8, 
10} u I); gi = 8, g 2 = 16 and g 3 = 24 g Z 64 } c S to be the 
neutrosophic subring (neutrosophic subsemigroup) of S. 

Let T = {collection of Smarandache set ideals of S over the 
subring Si (or subsemigroup Si) of S}; T is a four dimensional 
set ideal neutrosophic topological space of dual numbers of S 
over the subring Si (or subsemigroup Si) of S. 

Example 4.12: Let S = {(Zu 1} (g b g 2 , g 3 , g 4 , gs) = a t + a 2 gi + 
a 3 g 2 + a 4 g 3 + a 5 g 4 + a 6 g 5 where a, g <Z u I); 1 < j < 6, gi = 8, 
g 2 = 16, g 3 = 24, g 4 = 32, g 5 = 40 g Z 64 } be the semigroup of 
neutrosophic dual numbers of dimension six. 

Si = {(Z u 1) (gi, g 2 ) = ai + a 2 gi + a 3 g 3 aj g <Z u I); 1 < j < 3, 
gi = 8 and g 2 = 16 g Z 64 } cSbea subsemigroup of S. 

T = {collection of all Smarandache set ideals of S over the 
subemigroup Si of S}; T is a neutrosophic six dimensional dual 
number topological space of set ideals of S over the 
subsemigroup Si of S. 

Now having seen topological higher dimensional set ideal 
space of dual numbers we proceed onto give examples of 
special dual like number of set ideal topological spaces. 

Example 4.13: Let S = {a + bg | a, b g Z 42 , g = 4 g Zi 2 } be ring 
of special dual like numbers. 

Si = {a + bg | a, b g {0, 7, 14, 21, 28, 35}, g = 4 g Z 12 } c S 
be a subring of special dual like numbers of the ring S. 
T = {collection of all Smarandache set ideals of S relative to the 
subring Si of S}; T is defined as the Smarandache set ideal 
topological space of special dual like numbers of S over the 
subring Si of S. 

Example 4.14: Let S = {C (Z 7 ) (gi, g 2 ) = ai + a 2 gi + a 3 g 2 where 
aj g C(Z 7 ); 1 < j < 3; gi = 4 and g 2 = 9 g Z )2 } be the special dual 
like number of dimension three semigroup. 
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Si = {ai + a 2 g! | a ls a 2 e Z 7 , g, = 4 e Z 12 } c S be a 
subsemigroup of S. T = {collection of Smarandache set ideals 
of S over the subsemigroup Si of S}. 

T is the Smarandache set ideal topological space of special 
dual like numbers of S over the subsemigroup Si. 

We can also have the lattice of S-set ideals of S associated 
with T. 

Example 4.15: Let S = {(Q + u {0}) (g h g 2 , g 3 , g 4 ) = a, + a 2 g! + 
a 3 g 2 + a 4 g 3 + a 5 g 4 with aj e Q + u {0}; g{ = 0, gigj = 0, i *j, 1 < 
i, j < 4} be a five dimensional semigroup of dual numbers. 

Let I = {(Q + u {0}) (gi) = a + bgi where a, b e Q + u {0}, 
g{ = 0} c S be a subsemigroup. T = {Collection of all 
Smarandache set ideals of S over the subsemigroup I}; T is a 
Smarandache five dimensional dual number set ideal 
topological space of S over the subsemigroup I of S. 

Example 4.16: Let {(Z + u {0}) (g b g 2 , g 3 , g 4 , g 5 , g 6 ) = a, + a 2 g, 
+ a 3 g 2 + a 4 g 3 + a 5 g 4 + a 6 g 5 + a 7 g 6 with a, e Z + u {0}, 1 < j < 7, 
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we see gi x n g ; = gf ; 1 < i < 6} = S be the semigroup under x. 
Take 



Si = {(Z + u {0}) (gi) = a + bgi | a, b e Z + u {0}, 




New Classes of Set Ideals in Rings . . . 



101 



gi = 



I 

0 

0 

0 

0 

0 



} c S be a subsemigroup of S. 



T = {collection of all Smarandache set ideals of S over Si}; T is 
a Smarandache set ideal topological space of special quasi dual 
numbers of S over Si basic set ideal set as {Pi = Z + u {0} (gi, 
g 2 ), P 2 = (Z + u {0}) (g l5 g 3 ), P 3 = Z + u {0} (g b g 4 ), P 4 = Z + u 
{0} (gi, g 5 ) and P 5 = Z + u {0} (g b g 6 )}. 

We see this topological space has a Boolean algebra 
representation with least element (Z u {0} (gi)) = Si and atoms 
Pi, P 2 , P 3 , P 4 and P 5 with 2 5 elements in it. 

Example 4.17: Let R = {<Z 25 u I) (gi, g 2 , g 3 , g 4 ) = ai + a 2 gi + 
a 3 g 2 + a 4 g 3 + a 5 g 4 where a, g <Z 25 u I), 1 < j < 5; 
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gi x n gi = gi, 1 < i < 4, gi x n gj = 
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; 1 <i,j<4} 



be the ring of special dual like numbers. 

Ri = {ai + a 2 g 3 + a 3 g 4 | a f g {0, 5, 10, 15}; 1 < i < 3, 



g3 = 



0 0 
1 0 



and g 4 = 



0 0 
0 I 



R 



be a subring of R. 
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T = {all Smarandache set ideals of R over the subring Ri of 
R} ; T is a Smarandache set ideal topological space of the ring R 
of special dual like numbers of dimension five over the subring 
Ri of R. 



Example 4.18: Let S = {Z 6 (gi, g 2 , g 3 , g 4 , gs) = a l + a 2 gi + . . . + 
a 6 g 5 with a; e Z 6 ; 1 < i < 6, gi = 4, g 2 = 6, g 3 = 8, g 4 = 9, g 5 = 3 
e Z 12 } be the semigroup of special mixed dual number of 
dimension six. 

Let Si = Z 6 (g 2 ) be a subsemigroup of S. 

T = {collection of Smarandache set ideals of S over the 
subring Si of S}, T is a S-set ideal topological space of special 
mixed dual numbers of S over Si. 

Now having seen set ideal topological spaces of special dual 
like numbers, special quasi dual numbers, dual numbers and 
then mixed structures we now proceed onto give examples of 
set ideal topological spaces of semigroups (or rings) build using 
matrices under natural product. 

Example 4.19: Let 



a ; e (Z u I); 1 < i < 4} 



be a ring under natural product x n . 
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be a subring P = {all S-set ideals of S over the subring Si}. P is 
a S-set ideal topological space of column matrices under natural 
product of S over Si. 

Example 4.20: Let 

S = {all 3x3 matrices with entries from Z 48 } be a non 
commutative ring under usual product. 

Si = {all 3x3 matrices with entries from {0, 12, 24, 36} cr Z 48 } 
cSbea subring of S. 

Let T = {collection of all set ideals of S over the subring Si of 
S}, T is a set ideal 3x3 square matrices, topological space of 
S over Si. 

Example 4.21: Let 

R = {collection of all 3 x 5 matrices with entries from (Z [2 u I)} 
be the ring under natural product x n . 

Ri = {collection of all 3 x 5 matrices with entries from 
({0, 6} uI)}cRbea subring of R. 

T = {collection of all S-set ideals of R over the subring RJ; 
T is a S-set ideal topological space of the ring R of 3 x 5 
matrices under natural product over the subring Ri of R. 

Example 4.22: Let P = {all 4x2 matrices with entries from 
C(Zi 8 ) (gi, g 2 , g 3 , g 4 ) = {a, + a 2 gi + a 3 g 2 + a 4 g 3 + a 5 g 4 where aj e 
C(Zi 8 ); gi = 6, g 2 = 4, g 3 = 9 and g 4 = 8 e Zi 2 }, 1 < j < 4}} be 
the ring of 4 x 2 matrices with special mixed dual number 
entries under the natural product x n . 

Let Si = {all 4x2 matrices with entries from M = {ai + a 2 gi 
ai, a 2 e {0, 6, 12}, gi = 4} c P be the subring of P. 
T = {collection of all set ideals of P over the subring Si of P}; 
T is a set ideal topological space of set ideals of matrix special 
mixed dual numbers of P over Si. 
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Now we briefly mention a few of the applications of these 
new set ideal topological space of semigroups and rings over 
subsemigroups and subrings respectively. 

They can be applied in places where topological spaces find 
applications. Infact these new structures can also find 
applications in places were constraints are used. So that they 
have the liberty to use the ring / semigroup structure and these 
set ideals over a suitable subring / subsemigroup and use them 
in the place of usual topological spaces. 

Also one important and relevant problem is that does these 
new finite topological spaces contribute to more number of 
finite topological spaces which already exist? 

Problem: 

1. Describe some special features enjoyed by the topological 
spaces of special dual like numbers build using the ring 
<C(Z n ) u I) (gi, g 2 ). 

2. Describe some special features enjoyed by the topological 
space of special quasi dual number of dimension five 
semigroup (Z + u {0}) (gi, g 2 , g 3 , g 4 >. 

3. Let S = {Z 9 (gi, g 2 , g 3 ) = ai + a 2 gi + a 3 g 2 + a 4 g 3 where a, e 
Z 9 , 1 < i < 4; g! = (1, 1, 0, 0, 0), g 2 = (0, 0, 1, 0, 0) and 
g 3 = (0, 0, 0, 1, 1)} be the semigroup of special dual like 
numbers over the semigroup S. 

Let Si = {a, + a 2 gi | a u a 2 e {0, 3, 6}; gi = (1, 1, 0, 0, 0)} 
c S, be the subsemigroup of S. Let T be the set ideal 
topological space of special dual like numbers over the 
subsemigroup Si. 

(i) Find a basic set of T. 

(ii) Give the lattice representation L of T. 

(iii) Is L a Boolean algebra? 
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(iv) If in T we make the collection of Ti set ideals of 
topological space as the Smarandache set ideals 
a topological space of special dual like numbers, 
what is the difference between T and Ti? 

(v) Find the lattice associated with T|. 

(vi) Compare the lattices T and Ti. 

4. Study problem (3) if S is realized as a ring. 

5. Let S = (Z 8 u I) (g h g 2 , g 3 , g 4 > = a, + a 2 gi + a 3 g 2 + a 4 g 3 + 

a 5 g 4 where a f e <Z 8 u I); 1 < i < 5, gi = (-1, 0, 0, 0), (0, 
-1, 0, 0) = g 2 , g 3 = (0, 0, -I, 0) and g 4 = (0, 0, 0, -1) where 

g] = — gj, 1 < j < 4; gigj = (0) if i * j, 1 < i, j < 4} be the 

ring of special quasi dual numbers. 

Let Si = {Z 8 (g h g 2 ) = ai + a 2 g! + a 3 g 2 | a; e Z 8 ; 1 < i < 8; 
gi = (-1, 0, 0, 0), g 2 = (0, -1, 0, 0)} cSbea subring of S. 
T = {collection of all S-set ideals of S over the subring 
S}; T is a S-set ideal topological space of special quasi 
dual numbers of S over the subring Si of S. 

(i) Find the number of elements in T. 

(ii) Find a basic set of T. 

(iii) Find the lattice L associated with T. 

(iv) Is L a Boolean algebra? 

(v) Can T have non trivial topological subspaces? 

a i a 2 ••• a 6 

6. Let S = < a 7 a 8 ... a 12 a ; e Z 20 ; 1 < i < 18} 

_ a i3 a i4 ”• a i8 _ 

be a ring under natural product. 

Let 
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Si = < 0 a 3 0 0 a 4 0 

0 0 a 5 a 6 0 0 




a ; e Z 20 ;l < i < 6}c S 
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be a subring of S. Let T = {collection of all set ideals of S 
over the subring Si of S}. T is a set ideal topological 
space of the ring S over the subring Si. 

(i) Find a basic set of T. 

(ii) Obtain the lattice L associated with T. 

(iii) Can T have subspaces? 

(iv) If Ti is the collection of S-set ideals of S over Si; 
that is T is S-set ideal topological space of S over 
Si. Compare T and Ti as topological spaces. 

7. Let S = {(Z 8 x Z 7 x Z 5 x Zi 2 )} be the semigroup. 

P = {(a, 0, 0, b) | a e 2Z 4 , and b e 3 Zi 2 } c S be a 
subsemigroup of S. 

(i) Find set ideal topological space T of S over P. 

(ii) Find a basic set of T. 

(iii) Can T have subspaces? 

(iv) Find the lattice L associated with T. 

8. Find some nice application of set ideal topological spaces 
of a ring R over a subring. 

9. Suppose T is a S-set ideal topological space of a 
semigroup S over a subsemigroup Si of S. L the lattice 
associated with T. 

(i) When will L be a Boolean algebra? 

(ii) Can L be a modular lattice which is not a 
distributive lattice? 

(iii) Is it possible to associate with every sublattice of L 
a set ideal topological subspace of T and vice 
versa? 

10. Obtain some special applications of set ideal topological 
spaces of a semigroup S of mixed special dual numbers 
over a subsemigroup Si of S. 
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1 1 . Bring out the difference between a topological space with 
2 n elements and set ideal topological space of order 2 N . 

12. Distinguish between the set ideal topological space over a 
ring and over a semigroup. 

13. If Z n is taken, n any composite number, can Z n have the 
same set ideal topological space as a ring and as well as a 
semigroup? 

14. Let P = {C(Z 40 ), x} be the semigroup. 

Let S = {0, 10, 20, 30} cPbea subsemigroup of P. 

(i) Find the set ideal topological space T of P over the 
subsemigroup S of P. 

(ii) Find the number of elements T. 

(iii) Find the lattice associated with T. 

(iv) Find the Smarandache set ideal topological space Ti 
of P over the subsemigroup S of P. 

(v) Find the basic set of TV 

(vi) Find the number of elements in Ti. 

(vii) Find the lattice Li associated with TV 
(viii) Can the lattice Lj be a Boolean algebra? 

15. Let S = Z 42 4 be the ring. Let Si = {0, 4, ..., 420} c S be a 
subring of S. Study problems (i) to (viii) mentioned in 
problem 14 in case of this S. 

16. Let S = Q ,V3 ,V5,^ ,Vn,VT3 ) be a field. 

Si = Q( >/2 ) be a subring. 

T = {collection of all S-set ideals of S over the 
subring Si}. 

(i) Is T a topological space of S-set ideals? 

(ii) Is it finite or infinite? 

(iii) Can T have a lattice representation? Justify! 
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17. Let Z 30 = S be the ring. Si = {0, 2, ..., 28} a subring of S. 

(i) Can S have a set ideal topological space of S with 
respect Si? 

(ii) Take S 2 = {0, 15}. Find the set ideal topological 
space of S over S 2 . 

(iii) Can these set ideal topological spaces have 
associated lattices? 

(iv) Are these lattices Boolean algebras? 

18. Give examples of special set ring. (Recall; we define a 
ring R to be a special set ring if R has no S-set ideals only 
set ideals) 

1 9. Can Z 42 8 be a special set ring? 

20. Can Z 13 be a special set ring? 

21. Let S = Z 2 [x] be a ring I = (x 4 + 1) be an ideal of S. 
T = x 2 [x] 1 1 be a ring. 

(i) Can P = {I, 1 + x + x 2 + x 3 + 1} c T be a S-set ideal 
ofT? 

(ii) Can we built S-set ideal topological spaces on T? 

22. Define maximal S-set ideal of a ring and give some 
examples. 

23. Prove a maximal set ideal of a ring R in general need not 
be a S-set maximal ideal of R. 

24. Can Zi 8 have S-maximal set ideal? 

25. Define S-set minimal ideal and provide some examples. 

26. Can ring R have 1 to be both a S-set maximal ideal as well 
as a S-set minimal ideal? 
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